IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS,

VOL. 10,

NO. 3,

MAY/JUNE 2004

353

Efficient Implementation of Real-Time
View-Dependent Multiresolution Meshing
Renato Pajarola, Member, IEEE Computer Society, and Christopher DeCoro, Student Member, IEEE
Abstract—In this paper, we present an efficient (topology preserving) multiresolution meshing framework for interactive level-of-detail
(LOD) generation and rendering of large triangle meshes. More specifically, the presented approach, called FastMesh, provides viewdependent LOD generation and real-time mesh simplification that minimizes visual artifacts. Multiresolution triangle mesh
representations are an important tool for reducing triangle mesh complexity in interactive rendering environments. Ideally, for
interactive visualization, a triangle mesh is simplified to the maximal tolerated visible error and, thus, mesh simplification is viewdependent. This paper introduces an efficient hierarchical multiresolution triangulation framework based on a half-edge triangle mesh
data structure and presents optimized implementations of several view-dependent or visual mesh simplification heuristics within that
framework. Despite being optimized for performance, these error heuristics provide conservative error bounds. The presented
framework is highly efficient both in space and time cost and needs only a fraction of the time required for rendering to perform the error
calculations and dynamic mesh updates.
Index Terms—Level-of-detail, multiresolution modeling, mesh simplification, interactive rendering.
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INTRODUCTION

D

alternative representation and rendering
approaches, polygon meshes are still the standard in
interactive visualization systems such as VR environments,
real-time simulations, and interactive 3D games. Increasingly complex polygonal models exist today ranging from
detailed CAD/CAM representations, high-resolution isosurface extractions from volume data sets, extensive terrain
surface models, large virtual environments, to extremely
complex digitized models such as the statues from the
Digital Michelangelo Project [1]. Such large models are hard
to render at interactive frame rates due to the very high
number of polygons that exceeds the per-frame rendering
capacity even of high-end graphics hardware. Level-ofdetail (LOD) based visualization techniques as proposed in
[2] or [3] allow rendering of the same object using several
different triangle meshes of variable complexity. Thus, the
mesh complexity can be adjusted according to the object’s
relative position from the viewer, its visual importance in
the rendered scene, and with respect to the available
rendering power to guarantee stable interactive frame rates.
Many mesh simplification and multiresolution triangulation methods have been developed to create different LODs,
sequence of LOD-meshes with increasing complexity, and
hierarchical triangulations for LOD-based rendering (see
also overviews [4], [5], [6], [7]). LOD methods not only
reduce the time used to perform geometric transformations,
ESPITE

lighting calculations, and rasterization on the graphics
hardware, they also contribute to reducing the bandwidth
bottleneck of transferring large amounts of data from main
memory to the graphics card.
Ideally, for rendering, the size of a triangle mesh
representing a surface or object is reduced to the maximal
error that can be visually distinguished or tolerated on
screen by the user. While finding this minimal triangle
mesh representation is a very hard problem and much too
time-consuming to do in real-time, the following heuristics
can be used to guide the mesh simplification efficiently (see
also Fig. 1 for examples):
1.

2.

3.
4.
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Parts of the surface outside of the view area can be
simplified. This reduces the number of vertices
processed by the rendering pipeline for view-frustum
culling.
Invisible surface areas oriented away from the
viewer can be simplified. This reduces the amount
of work for back-face culling in the rendering pipeline.
Silhouette regions should be preserved due to their
visual importance.
Surface regions with a very small projected area on
screen may be represented with only a few triangles.
Simplification can be performed until a user specified screen-projection area tolerance is reached.
Sufficiently planar regions with equal surface normals can be represented with few coplanar triangles.
Simplification can be performed until a user specified tolerance in surface-normal deviation, or shading
tolerance is reached.

Real-time rendering of a triangulated surface exhibits an
extremely high frame-to-frame coherence of the displayed
triangles. If a triangle has been rendered in one frame, it is
very likely that it also has to be rendered in the next frame
since the viewpoint and view-directions change smoothly
Published by the IEEE Computer Society
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an efficient implementation of a hierarchical, halfedge data structure based multiresolution triangulation framework for view-dependent LOD rendering,
. optimized computation and implementation of
view-dependent error heuristics for mesh simplification with conservative error bounds.
The remainder of the paper is organized as follows: In
Section 2, we discuss preliminary technical details and we
discuss and compare previous related work on viewdependent mesh simplification. Section 3 introduces the
data structures and algorithms to handle the dynamically
changing triangle mesh and Section 4 describes the visual
error heuristics. In Section 5, we provide details on the
initialization of a FastMesh data structure and implementation-specific details as well. Experimental results are given
in Section 6 and Section 7 concludes the paper with a
summary of the results and future work.
.

2
Fig. 1. View-dependent meshing examples. (a) View of the view-frustum
and simplified mesh (rendered 9,404 out of 96,966 faces). (b) Same
triangle mesh viewed from the actual viewpoint. (c), (d) View-dependent
meshing of terrain data (rendered 41,768 out of 178,802 faces).

over time and only very little from one frame to the next.
Therefore, to take advantage of processing only the minimal
number of mesh elements, the triangle mesh has to be
updated incrementally from frame to frame based on the
currently rendered set of triangles. Instead of performing
mesh simplification on the entire mesh every time the view
has changed, simplification and refinement operations can
be performed on the current mesh if one of the surface
properties 1 through 5 listed above changed locally—
meaning locally on the triangulated surface. In fact, the
temporal coherence and incremental update make mesh
simplification according to properties 1 and 2 really useful.
While a lot of work has been done on mesh simplification
for geometric approximation, fewer approaches have
addressed the problem of view-dependent simplification
of arbitrary triangle meshes for real-time rendering and
performance optimization was not the main focus of most
approaches. In this paper, we present an efficient implementation of a view-dependent and topology preserving
meshing framework called FastMesh that has optimized
data structures and algorithms for maintaining a dynamically
simplified and refined mesh, uses minimal amount of
storage, has compact data structures exploiting implicit
relations between different elements, and exhibits short
preprocessing time. Furthermore, we present an optimized
implementation for the five view-dependent simplification
criteria listed above with very low CPU time consumption.
While the presented FastMesh framework provides minor
conceptual advancements in view-dependent mesh simplification in general, it does provide major performance
improvements in terms of efficient algorithms, data structures, and numerical error calculations, as well as showing
implementation details for view-dependent meshing. In this
context, the two main contributions of this paper are:

RELATED WORK

An abstract description of the basic FastMesh viewdependent meshing framework was presented in [8]. This
paper provides an extended overview on related work,
increased details on the data structures and algorithms,
improvements and additions to the visual error heuristics,
explanations on retaining correct boundary conditions,
some discussion on nonmanifold triangle meshes, and, in
particular, it presents a new and significantly more space
efficient implementation of the proposed data structures. In
this section, we want to review the most relevant work on
mesh simplification with respect to our approach and other
previously developed view-dependent mesh simplification
approaches.

2.1 Mesh Simplification
Numerous methods for mesh simplification have been
developed in the last decade and a discussion of them is
beyond the scope of this paper. For an overview on the
various mesh simplification methods, see [5], [6], or [9].
Here, we want to highlight the work of [10] on progressive
simplification of triangle meshes and [11] on efficient
geometric error metrics.
In [10], a sequence of n edge collapse (ecol) operations is
applied to simplify an arbitrary manifold mesh M n to a
simpler mesh M 0 of the same topology, reducing the
number of vertices by n. Given the coarse mesh M 0 ,
i different LOD approximations M i can be reconstructed by
applying a set of i vertex split (vsplit) operations—the
inverse of the ecol operation—to the base mesh M 0 . In
FastMesh, we use the half-edge collapse variant shown in
Fig. 2 that collapses a directed half-edge v1 v2 to its endpoint
v2 . The use of half-edge collapse operations has also been
advocated in [12] and [13] for fast mesh simplification,
however, not in the context of generating a high-performance view-dependent multiresolution hierarchy.
To create an initial partially ordered set of ecol
simplification operations, we use the quadric error metric
introduced in [11]. This quadric error metric is based on
the fact that the squared distance of a point v ¼ ðx; y; z; 1Þ
from a plane p ¼ ½a; b; c; dT with a2 þ b2 þ c2 ¼ 1 can be
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2.2 View-Dependent Meshes
In this section, we want to review the most relevant viewdependent mesh simplification approaches that have previously been proposed and summarize the differences to
our approach.
In [16], view-dependent mesh simplification was introduced based on the basic ecol and vsplit operations as
outlined above. A sequence of edge collapse operations is
Fig. 2. Half-edge collapse (ecol) and vertex split (vsplit) operations for
selected based on the edge length as geometric error metric
triangle mesh simplification and refinement.
which defines a binary hierarchy on the vertices. At
runtime, a front through the vertex hierarchy separates
computed by a matrix multiplication ðpT  vÞ2 ¼ vT  Kp  v the vertices that define the current mesh (in and above the
using the 4  4 quadric
front) from the removed vertices (below the front) and is
 2

updated for each frame. While other criteria are discussed
Kp ¼ a ab ac ad; ba b2 bc bd; ca cb c2 cd; da db dc d2
in [16], only the projected length of collapsed edges is
for the plane p. Furthermore, the sum of squared implemented to adjust the vertex front at runtime. Surface
distances to a set of planes P can easily be computed normal information is additionally incorporated in [17]. The
P
P
as dðv; P Þ2 ¼ p2P vT  Kp  v ¼ vT  p2P Kp  v. Thus, a set extension in [18] allows to incorporate topology simplificaP
of planes can be represented by one quadric QP ¼ p2P Kp tion and handling of nonmanifold meshes through the use
of virtual edges.
and merging two disjunct set of planes P1 and P2 can be
A similar approach is presented in [19], where a
achieved by QP1 [P2 ¼ QP1 þ QP2 . We would like to note here
sequence of ecol operations as proposed in [10] is used to
that the squared distance of v to a set of planes Q as construct the binary vertex hierarchy. Furthermore, two
calculated by vT  Q  v increases directly with the number of new image-space visibility heuristics are given and a
planes. This is not a desired effect for geometric approxima- screen-space geometric approximation error metric is
tion since we would like the error metric not to be dependent proposed to update the vertex front. In [20], the approach
on the number of planes but rather be defined by their is improved in particular with respect to main memory
geometric configuration. For example, the distance of a vertex space cost at the expense of increased complexity of the
to multiple almost coplanar planes should be roughly the data structures and continuous memory allocation and
same as the distance to just one of these planes. Therefore, in deallocation at runtime.
Also based on a binary vertex hierarchy defined by a
our implementation, we normalize the coefficients of QP by
the number of planes nP ¼ jP j to get the mean squared distance. sequence of edge collapse operations is the approach in [21].
Thus, adding a single plane quadric K to QP is done by Q ¼ However, unlike the previous methods, it supports the
ðQP  nP þ KÞ=ðnP þ 1Þ and adding two quadrics QP1 and QP2 unconstrained space (simply connected, nondegenerate,
manifold) of all possible meshes that can be generated by
results in Q ¼ ðQP1  nP1 þ QP2  nP2 Þ=ðnP1 þ nP2 Þ.
a given partially ordered set of edge collapse operations.
The preprocess of selecting a set of ecol operations is
Another view-dependent triangulation approach called
initialized by assigning each vertex v a quadric Qv that is
Multi-Triangulation (MT) based on vertex insertion and
initialized to the set of planes of triangles incident upon v. removal is proposed in [22] and improved for storage cost
For a half-edge collapse v1 v2 , the quadrics of the collapsed and client-server interaction in [23] and [24]. A partially
vertices are added Q ¼ ðQv1  nv1 þ Qv2  nv2 Þ=ðnv1 þ nv2 Þ and ordered set of vertex insertions is maintained in a direct
the geometric approximation error introduced by that edge acyclic graph (DAG) that allows for selective viewcollapse is estimated by vT2  Q  v2 . If the half-edge collapse dependent mesh refinement. A cut through that depenis performed, the quadric Q is assigned to the endpoint v2 of dency graph, similar to a front in a vertex hierarchy as in
the half-edge. Note that any other error metric can be used the methods above, represents a particular mesh at runtime.
as well to guide selection of good edge collapses. In While efficient in terms of space cost, the MT update
particular, the one-sided quadric error metric proposed in operations are more costly than the vertex split and edge
collapse operations. No novel view-dependent mesh sim[13] may be a suitable alternative.
The current implementation of the FastMesh preprocess plification heuristics are defined or efficient implementadiffers from standard mesh simplification methods not only tions thereof are proposed.
A generalized framework on the basis of vertex
by the above error metric but also in the order in which
hierarchies created from any kind of vertex contraction is
edge collapse operations are selected. Instead of selecting a
presented in [25]. This approach is very general, but it uses
sequence of edge collapses in a greedy manner as many
much more storage than others and does not provide highly
mesh simplification methods do—iteratively selecting the
optimized calculations of view-dependent error heuristics.
edge collapse with the smallest error next—FastMesh While the method in [25] can be viewed as the least
iteratively selects largest independent sets of edge collapses restricted generalization of view-dependent meshing, our
similar to [14] or [15]. This strategy is used to minimize approach targets the other end of high-performance
constraints between simplification and refinement opera- implementation of view-dependent multiresolution meshtions, see Sections 3 and 5 for more details.
ing. A vertex-clustering hierarchy similar to [25] has also
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Fig. 3. Half-edge data structure.

been proposed in [26] using simple screen-projection size of
vertex clusters to determine expansion of individual nodes
for each frame. However, the algorithms and data structures for maintaining the dynamically changing triangle
mesh are not very efficient in terms of space and time cost.
Specialized view-dependent triangulation methods have
been proposed for regular or pseudoregular meshes. In
particular, approaches such as [27], [28], and [29] support
efficient view-dependent rendering of large scale terrain
meshes. These approaches are commonly based on the
screen-projection of a vertical surface displacement introduced by removed vertices. While the computation of such
an error metric is very fast, it is not directly applicable to
arbitrary manifold meshes. Also, the hierarchical incremental Delaunay triangulation presented in [30] provides
some view-dependent error metrics for terrains.
In comparison to the most closely related approaches
[16], [19], [21], [22] and their extensions, our approach
differs and improves in the following ways:
.
.
.

3

more compact and space efficient data structures,
optimized view-dependent mesh simplification
heuristics using only two parameters,
reduced partial ordering restrictions of edge collapse
operations.

DYNAMIC MESHING

In this section, we describe the data structures and
algorithms for maintaining a view-dependent mesh using
a half-edge data structure [31]. The half-edge data structure
is a simplified version of the doubly connected edge list
(DCEL) [32] without vertex-to-edge and face-to-edge relations. Moreover, the winged-edge (WE) data structure [33]
can be viewed as a pair of two half-edges. Because a vertex
split operation introduces new triangles along two cutedges, it is more natural to use the half-edge instead of the
winged-edge representation. Our implementation of a halfedge mesh data structure is further simplified as outlined
below and does not require any edge-to-face pointers, in
contrast to the DCEL and WE data structures. The use of a
half-edge data structure makes the management of variable
triangle mesh connectivity very efficient both in space and
time cost, as evidenced by the experimental results in
Section 6. A similar directed edge data structure was
proposed in [34] to efficiently maintain a dynamically
changing triangle mesh data structure. We compare our
experimental results to [34] in Section 6.
We want to stress here that using a half-edge collapse
operation for mesh simplification is not equivalent to
maintaining the triangle mesh connectivity using a halfedge data structure. The choice of simplification operation
and error metric is largely independent of the mesh
representation concept. On the other hand, the half-edge

Fig. 4. (a) Half-edge collapse and (b) vertex split.

collapse operation is a natural fit for the half-edge data
structure that we propose for dynamic mesh representation.

3.1 Half-Edge Data Structure
In FastMesh, a half-edge data structure stores the connectivity information of the triangle mesh and each triangle
face is implicitly represented by an ordered set of three
oriented half-edges. Every half-edge h stores its reverse twin
half-edge ðh:rÞ, the next ðh:nÞ, and previous ðh:pÞ half-edges
of that triangle, and the starting vertex ðh:vÞ of the half-edge
as shown in Fig. 3. This mesh representation allows efficient
traversal and neighbor finding on the triangulated surface.
FastMesh stores a mesh of m triangles as an array of
3m half-edges. Note that we will use h interchangeably
to refer either to the integer index or the pointer
representation of a half-edge. In the half-edges array,
each group of three consecutive half-edges defines a
triangle. Thus, the face index f corresponding to a halfedge h is f ¼ faceðhÞ ¼ h DIV 3. The first half-edge h of a
face f corresponds to h ¼ edgeðfÞ ¼ 3f and, in CCW order,
the second is 3f þ 1 and the third half-edge is 3f þ 2.
Therefore, the previous h:p and next h:n fields of a halfedge h are implicitly given by integer-division (DIV) and
modulo (MOD) operations on indices or by a simple
conditional statement (but we will keep the notation h:n
and h:p for simplicity),
h:n ¼ IF ðhMOD3 ¼ 2ÞT HENðh  2ÞELSEðh þ 1Þ
h:p ¼ IF ðhMOD3 ¼ 0ÞT HENðh þ 2ÞELSEðh  1Þ:
For a half-edge collapse of edge h, the mesh connectivity
has to be updated as shown in Fig. 4. This can be done
efficiently using the half-edge mesh data structure. Collapsing the half-edge h and deactivating its incident triangles
from the list of rendered triangles only requires updating
the reverse information of half-edges a, b as well as c, d such
that the triangle pairs A and B as well as C and D become
direct neighbors, as shown in Fig. 4b). For triangles A and
B, and given the half-edge h to be collapsed, this can be
efficiently done by:
h:p:r:r ¼ h:n:r and h:n:r:r ¼ h:p:r:

ð1Þ

Two similar assignments are required to set up the
reverse information between triangles C and D. Note that
the half-edge entries of triangles faceðhÞ and faceðh:rÞ are
not altered at this point; these triangles are just deactivated
for rendering. The inverse vsplit operation will reuse this
information and only the index of the collapsed half-edge h
has to be recorded for a vsplit.
In addition to updating the mesh connectivity, all
half-edges that have the same start-vertex h:v need their
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Fig. 5. Updating start-vertex for half-edge collapse.

start-vertex to be reassigned to the end-vertex of h, which
is h:n:v. This can be done by rotating (counterclockwise)
around the removed vertex h:v and visiting all outgoing
half-edges between a to c (see Fig. 4). The code segment
shown in Fig. 5 performs this update for a half-edge
collapse h.
Given a collapsed half-edge h, a vsplit operation must
update the mesh connectivity to include the two triangles
originally incident upon h. Note that as, pointed out above,
the entries in the half-edge table for these two triangles have
not been altered after collapsing h. Therefore, the original
connectivity for triangles A and B in Fig. 4 can be restored
using the available half-edge table entries for h by:
h:p:r:r ¼ h:p and h:n:r:r ¼ h:n:

ð2Þ

Similarly, triangles C and D can be efficiently updated.
Furthermore, the start-vertex of all half-edges incident upon
the split-vertex h:v between and including triangles A and
C—between half-edges a and c in counterclockwise
orientation around a:v—has to be updated. The start-vertex
must be updated from h:n:v to be h:v. Note that h:v is
indeed the correct start-vertex because the information for h
has not been changed. This update can be done analogously
to the code example in Fig. 5.
We want to point out here that, for (2) to work in a
dynamically changing mesh, some conditions have to be
met. In particular, the four faces A, B, C, and D have to be
exactly in the configuration as shown in Fig. 4b before the
vertex split reversing the edge collapse h can be performed.
In Section 3.4, we discuss how vertex split operations can be
performed if this condition is not directly met.

3.2 Boundary Conditions
The simplification and refinement operations on the halfedge data structure as defined in the previous section work
well for manifold orientable meshes of arbitrary genus
without boundary. We will discuss in Section 5.4 how
nonmanifold and nonorientable meshes can be handled in
practice. Simple boundaries of manifold meshes do not
constitute a conceptual problem for the half-edge data
structure or edge collapse operations and are discussed here.
A boundary edge h in a half-edge data structure can
easily be detected when the reverse pointer h:r is not set
(see also Fig. 3) or if it is set to an invalid value. Thus,
boundary edges are uniquely defined and any attempted
mesh traversal across a boundary edge can safely be
stopped when a boundary condition is detected. The most
critical mesh traversal with respect to boundary edges is to
visit all incident edges of a vertex starting at a given
outgoing half-edge h. Visiting incident edges of a boundary
vertex v is performed in two steps, as shown in Fig. 6a.
Starting at a given half-edge h, the counterclockwise (CCW)
rotation t ¼ t:p:r can be stopped when t gets invalid, set to a

Fig. 6. (a) Visiting all incident edges or vertices around a boundary
vertex. (b) Mesh traversal around vertex of collapsed half-edge h.

nonexisting reverse of a boundary edge, and the clockwise
(CW) rotation t ¼ t:r:n can be stopped as soon as t:r is
invalid. The vertex reassignment of a half-edge collapse h as
outlined in the previous section is also performed by two
rotations, as shown in Fig. 6b. When collapsing a half-edge h
and its incident triangles (gray shaded triangles in Fig. 6),
the CCW rotation starts at t ¼ h:p:r and the CW rotation
starts at t ¼ h:r:n:r:n (the start-vertex of t ¼ h:r:n does not
have to be changed).
Furthermore, also updating the reverse information of
the mesh connectivity for a half-edge collapse h has to take
care of possible boundary conditions, as shown in Fig. 7.
The reverse edge update assignments of (1) must only be
performed for h:n or h:p if they are not boundary edges,
thus if h:n:r or h:p:r actually point to existing edges. But, in
that case, (1) can still be used as is. Thus, in Fig. 7a, we
would only update h:n:r:r ¼ h:p:r for the triangle containing h (the other triangle containing h:r is handled
normally). In case the collapsed half-edge h itself is a
boundary edge, as shown in Fig. 7b, the reverse side h:r is
simply not considered for any mesh connectivity updates
and vertex reassignments.
The vertex split refinement operation deals with the
boundary conditions explained above analogously to the
half-edge collapse and a detailed discussion is omitted here.
The presented boundary handling solutions apply to any
manifold triangle meshes with boundaries, also to holes or
internal boundaries. The presented mesh update operations
and boundary handling will preserve the topology of the
input mesh and holes will not be filled or removed due to
the topological constraints given in Section 3.4 and
illustrated in Fig. 10.

3.3 Multiresolution Hierarchy
Conceptually, in our approach, a sequence of ecol operations computed during a preprocessing step defines a
binary hierarchy similar to [16], [17], [19], [20] and [21] and

Fig. 7. (a) Reverse half-edge update of boundary edges. (b) Half-edge
collapse on boundary.
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Fig. 9. Front F of the current view-dependent mesh through the binary
half-edge collapse hierarchy H.
Fig. 8. Binary half-edge collapse hierarchy H. (a) Vertex hierarchy.
(b) Half-edge collapse hierarchy H.

a view-dependent mesh is defined by a front of active nodes
through this hierarchy. However, the hierarchy in FastMesh
differs significantly in implementation and semantics from
the previous approaches.
In contrast to previous approaches and to reduce storage
cost, we define the multiresolution hierarchy H on the halfedges that are collapsed since the leaf nodes of a vertex
hierarchy do not carry any information required for
collapsing an edge or splitting a vertex. Thus, H requires
only half as many nodes as vertex tree-based representations. Furthermore, this half-edge collapse hierarchy, as
shown in Fig. 8, is implemented as a separate data structure,
not merged with the vertex data itself, and only stores
information per node that is required for the viewdependent error heuristics. A node t 2 H consists of
pointers to the parent node t:p, left t:l and right t:r child
nodes, and an index t:h for a half-edge collapse of edge h.
Additionally, each node t also stores two parameters to
compute the visual error heuristics (see also Section 4).
This definition of the binary half-edge collapse
hierarchy H completely changes the semantics of the front
F  H of active nodes through the hierarchy that defines a
particular LOD mesh at runtime. Although the front F
defines a particular LOD mesh based on which edges are
currently collapsed, it does not directly represent all
vertices of the current mesh as in the previous approaches
(these vertices are only implicitly given by F ).
Definition. In FastMesh the front F consists of all active nodes
in H, see also Fig. 9. A node t is defined to be active if and only
if one of the following two properties holds:
1.

2.

t:h is currently not collapsed and both child nodes t:l
and t:r are either currently collapsed or not existing.
(subset F1 of F ),
t:h is currently collapsed, its parent t:p is not
collapsed, and its sibling child node in t:p exists and
is not collapsed (subset F2 of F ).

At any time, F contains a node of every possible path
from the roots to the leaves of H, but only one node of
any particular path at a time. F can be implemented as a
doubly linked linear list. In fact, as described in more
detail in Section 3.4, F contains exactly all nodes for the
current LOD mesh that can potentially be collapsed
(nodes of F1  F ) or that must be checked for mesh

refinement (nodes of F2  F and all child nodes of F1 
F given by CF1 ¼ ftjp  t:p ^ p 2 F1 g).
At runtime, for every change in view parameters, the
front F is traversed and updated dynamically according to
the view-dependent mesh simplification heuristics described in Section 4. First, the nodes t 2 F1 are tested to be
collapsed and, second, all nodes t 2 ðF2 [ CF1 Þ are tested to
be split. After a collapse operation, the parent node is
recursively collapsed if applicable and, after a split
operation, the corresponding child nodes are recursively
split if necessary. All simplification and refinement operations have to be tested at runtime to be valid as described
below since they are performed out-of-order with respect to
their partial ordering at initialization.

3.4 Preconditions
Because mesh simplification and refinement operations are
not performed in the same order as in the initialization
stage for view-dependent meshing, we must carefully
examine the conditions under which these updates can be
performed.
Partial Ordering. The iterative selection of edge collapse
operations at initialization imposes a partial ordering on the
mesh simplification and refinement operations which is
manifested in the binary hierarchy H. Let us denote the
subtree rooted at node t 2 H by Ht  H. A node t 2 H can
be collapsed, respectively, its half-edge t:h, only if all other
descendant nodes in Ht correspond to currently collapsed
half-edges. On the other hand, a node t can only be split if
there exists no other collapsed ancestor node s 2 H with
t 2 Hs . In other terms, edge collapse operations must be
performed bottom-up in correct partial order.
At runtime, this partial ordering is automatically and
efficiently enforced by incrementally expanding or contracting the front F as described in the previous section. For
a particular LOD mesh, the nodes in F1 exactly denote all
edge collapse candidates that satisfy the above partial
ordering constraint. Similarly, the nodes in F2 [ CF1 are
exactly all vertex split candidates that satisfy the above
partial ordering constraint.
Topology. For any mesh update operation to be valid, it
must not change the mesh topology, such as genus or
boundary components, and it must not introduce any
nonmanifold mesh connectivity. Thus, a half-edge collapse
h is considered to be invalid if there exists any vertex V that
is adjacent to both endpoints P and Q of h and for which the
triple ðP ; Q; V Þ is not a triangle in the current mesh. An
example of such an invalid configuration is shown in Fig. 10.
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Fig. 10. Topological ecol constraint. Half-edge h cannot be collapsed
because of P and Q being connected to V .

This constraint preserves the topology of the input mesh
and also prevents minimal boundaries consisting of only
three vertices to be reduced further. Note that a temporarily
invalid half-edge h may become a valid half-edge collapse
again at any other time during view-dependent meshing
due to the dynamically changing mesh connectivity. Thus,
the validity of a half-edge collapse is not a static attribute
and must be checked whenever attempting to collapse a
half-edge.
The topological constraint for an edge collapse operation
can efficiently be tested at runtime by examining the direct
neighbors of the half-edge h. Given the set Nv of vertices
adjacent to a vertex v, the topological constraint is satisfied if:1
Nh:v \ Nh:n:v ¼ fh:p:v; h:r:p:vg:
Besides the topological constraint outlined above, there
are no other hard constraints that must be satisfied for a
half-edge collapse operation. This is in contrast to the
closely related approaches [19] and [16], [17] which require
an explicit neighborhood configuration before an edge can
be collapsed. Even the implicit dependencies introduced in
[18] restrict the ecol operation to a specific configuration of
the immediately adjacent vertices. Only the approach in [21]
provides the unconstraint simplifications.
To improve the quality of the generated triangle mesh,
additional soft constraints can be included to prevent
triangles with bad aspect ratio or flipping of triangle normals.
A half-edge that should be collapsed for the current frame
and that does not satisfy the topological or any additional soft
constraint is deferred. It is evaluated again after the current
frame has been rendered and the mesh is updated again. This
cannot be easily avoided with our and similar edge-collapse
based approaches and, occasionally, causes a small delay of a
simplification operation, but provides conservative viewdependent meshing.
A vertex split operation is defined by the split-vertex
vsplit and two outgoing half-edges el and er (with
el :v ¼ er :v ¼ vsplit ) or, alternatively, by two cut-vertices vl ¼
el :n:v and vr ¼ er :n:v, as shown in Fig. 11a. The only
topological constraint to split a vertex vsplit is that vl and vr
must not be the same vertices (vl 6¼ vr ). Again, this situation
may occur due to the view-dependent mesh simplification
which performs edge collapse and vertex split operations in
arbitrary conforming partial order as described at the
beginning of this section. To guarantee conservative viewdependent meshing, if vl ¼ vr , then we can recursively
check and refine the node t 2 H that splits vl . Besides [21],
all other approaches [16], [17], [18], [19] have more
restrictive constraints requiring some explicit or implicit
neighborhood configuration around the split-vertex.
1. Simplified condition for manifold meshes without boundary given
here.

Fig. 11. (a) Valid vertex split with cut-edges el , er and cut vertices
vl 6¼ vr . (b) Triangle containing half-edge a has been collapsed.

Ill-Defined Cut-Edges. A vertex split specified by a
node t 2 H is defined by the corresponding collapsed halfedge t:h. As indicated in Section 3.1, the cut-edges el and er
can be recovered by the information stored in the half-edge
table for the collapsed half-edge h. Let us here use
a ¼ h:r:p:r, b ¼ h:r:n:r, c ¼ h:p:r, and d ¼ h:n:r. Thus, in
the normal case, the cut-edges can be recovered by el ¼ a
and er ¼ c and it holds that a ¼ b:r, c ¼ d:r. However, in a
dynamically simplified mesh, it can occur that, after collapsing a half-edge h to vsplit , other simplification operations can
remove the triangle face containing a (or b; c; d), as shown in
Fig. 11b. In that case, there is a node s 2 H corresponding to
that half-edge collapse operation with faceðaÞ being either
equal to faceðs:hÞ or faceðs:h:rÞ. Due to the partial ordering in
the binary tree hierarchy, we can enforce the current vertex
split by first propagating the split operation to node s such
that the required face a is reintroduced into the triangle mesh.
This is called a forced split.

4

VIEW-DEPENDENT ERROR HEURISTICS

In this section, we describe the efficient computation of the
view-dependent and visual error heuristics introduced in
Section 1 while Appendix I (which can be found on the
Computer Society Digital Library at http://computer.org/
tvcg/archives.htm) provides details on the efficient calculation of each heuristic. These error heuristics have to be
computed for each frame for all active nodes when the
front F is traversed, as explained in Section 3.3. The nodes
are collapsed or split based on: view-frustum culling, back-face
culling, silhouette preservation, screen-projection tolerance, and
shading tolerance. Since the number of times these criteria
must be computed per frame is on the order of the number
of vertices in the current mesh, their computation must be
very efficient. FastMesh’s view-dependent error heuristics
are designed to minimize computational costs, but nevertheless compute conservative error bounds on all five
criteria. The basic ideas of using most of the presented
visual error heuristics for view-dependent mesh simplification have been proposed in previous approaches. However,
no consideration of efficiency nor an optimized implementation has been given. Besides defining a few additional
visual error heuristics that have not been proposed so far,
this section and Appendix I (which can be found on the
Computer Society Digital Library at http://computer.org/
tvcg/archives.htm) mainly focus on the efficient computation and implementation of these simplification criteria.
As mentioned earlier, only two scalar values per node
t 2 H in the half-edge collapse hierarchy are required as

360

IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS,

Fig. 12. Bounding spheres of a sequence of half-edge collapse
operations.

parameters to compute all five error heuristics. These two
parameters are explained below.
Bounding sphere radius. The bounding sphere centered
at the endpoint of a half-edge indexed by t:h with radius
t:radius encloses all triangles that are affected by the halfedge collapse t and its descendants in H, as shown in Fig. 12.
This hierarchy of bounding spheres can be computed bottomup when building the ecol hierarchy H at initialization.
Normal cone angle. The cone defined by the semi-angle
 (t:theta) about the vertex normal at the endpoint of halfedge t:h bounds the cone of normals [35] of all triangles that
are affected by the half-edge collapse t and its descendants
in H, as shown in Fig. 13. The bounding normal cones
hierarchy is also built bottom-up during the initialization
process of H. Note that FastMesh actually only maintains
the value of sin  instead of  itself after initialization since
only sin  is needed to compute the view-dependent
simplification criterion.
Hierarchical bounding normal cones are considered
suboptimal for illumination and view-dependent mesh
simplification in [36] because they produce overly conservative measures for surface normal deviation. Furthermore, it is
argued that this leads to excessive update rates between
successive frames. In contrast, FastMesh uses bounding
normal cones very successfully, which can be attributed to
the following two reasons: First, the bounding normal cone
information can be used very efficiently in four out of the five
presented simplification criteria. Second, the use of normal
cones allows very fast computation of the error heuristics and

Fig. 13. Bounding normal cone of a sequence of half-edge collapse
operations.
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Fig. 14. Example view-frustum simplification with the simulated view
frustum shown as transparent yellow pyramid. Rendered 58 percent or
40,881 out of 69,451 faces.

thus sustains a high rate of real-time mesh updates per frame,
in contrast to the observations in [36].
For detailed explanations of the following mesh simplification criteria, the reader is referred to Appendix I (which
can be found on the Computer Society Digital Library at
http://computer.org/tvcg/archives.htm) (see also [8]).

4.1 View Frustum
In order to avoid the bandwidth bottleneck of transferring
an unnecessarily large amount of geometry data from main
memory to the graphics hardware and to reduce the
graphics load of performing view-frustum culling for a
large number of invisible triangles, the mesh regions
outside of the view frustum can be kept at the coarsest
possible resolution. Thus, a half-edge collapse can be
performed if its bounding sphere does not intersect the
view frustum.
An example view-frustum simplification is shown in
Fig. 14. Within the indicated view frustum specified by the
transparent yellow pyramid, the triangle mesh is rendered
in highest resolution, also including the invisible regions on
the back side. The mesh regions outside the view frustum
or, more specifically, outside the viewing cone with semiangle ! are greatly simplified.
4.2 Back-Faces
For large and complex triangle meshes, a large fraction of
the triangles that are within the view frustum will be
discarded in the graphics rendering pipeline’s back-face
culling stage. These unnecessary triangles can cost a
significant amount of computation time, even if only
processed and discarded using back-face culling, since they
have to be transmitted to the graphics card, geometrically
transformed, and tested for back-face culling. To prevent
unnecessary processing of vertices, we can keep back-facing
regions of the mesh at the coarsest possible resolution.
Fig. 15 shows an example for back-face simplification.
Only the surface regions that are oriented toward the
viewpoint are displayed in full resolution, all back-facing
regions of the triangle mesh are simplified as much as
possible.
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Fig. 15. Example back-face simplification for the displayed view frustum.
Rendered 62 percent or 6,750 our of 12,946 faces.

4.3 Screen Projection
If a polygonal mesh is rendered without the use of
antialiasing techniques, it is intuitively clear that sufficiently
small polygons (i.e., projected area smaller than a pixel) can
only create visual artifacts in the rendered image, but not
contribute to a smooth display. Even when using antialiasing, it makes little sense to render thousands of insignificantly small triangles with respect to the limited screen
display resolution. Furthermore, the performance bottleneck in interactive rendering of large polygonal scenes and
objects can also effectively be reduced by simplification of
very small triangles. This is particularly true for graphics
subsystems that are mainly geometry limited and not pixel
fill-rate limited, which is the case for most current systems.
Therefore, to improve rendering performance, mesh simplification can be used to remove triangles whose projected
area on screen is sufficiently small with respect to an
application specific or user given threshold  (fraction of
area on screen). Note that an ecol operation of a node t 2 H
affects all triangles incident on the removed vertex.
Fig. 16 shows an example with projected screen area
error tolerance of  ¼ 0:001 ¼ 1=210 , measured as a fraction
(percentage) of the viewport size—the red square of size 
on the imaginary view plane at the base of the transparently

Fig. 16. (a) Example of screen projection based simplification with
projection tolerance  ¼ 1=210 , rendered 32 percent or 53,433 out of
165,963. (b) Top image without simplification (165,963 faces) compared
to view with screen projection simplification (53,433 faces).

Fig. 17. Example of simplification based on shading tolerance.
(a) Tolerated angular normal direction deviation is ’ ¼ 15 , rendered
66 percent or 66,024 out of 100,000 faces. (b) The corresponding full
resolution mesh.

rendered view-frustum pyramid. Only screen projection
simplification is turned on in Fig. 16. The example shows
the variance in simplification based on the distance from the
viewpoint and compares the actual view of the simplified
model with the full resolution model.

4.4 Shading
View-dependent geometric simplification criteria such as
screen projection as outlined above may not simplify largely
flat surface regions sufficiently because of the vertex
position-based error heuristic. Even though triangles may
be large and removal of vertices may introduce an
intolerable geometric distortion, a triangle mesh might still
be simplified if the difference in lighting and shading effects
is not visually significant. We can measure the potential
deviation in diffuse shading for a particular half-edge
collapse operation by the variance in surface normals of the
affected triangles.
An example of this diffuse illumination simplification
criterion is given in Fig. 17. It shows a model simplified
with a tolerance of ’ ¼ 15 in wire frame and smoothly
shaded compared to the full resolution model.
While this shading heuristic as presented above is not
dependent on the actual viewpoint, it is a simplification
criterion that affects the shading accuracy of the triangulated
surface. We argue in Appendix I (which can be found on the
Computer Society Digital Library at http://computer.org/
tvcg/archives.htm) that such a shading-based mesh simplification heuristic cannot be used to trim the multiresolution hierarchy in a preprocess.
4.5 Silhouettes
The silhouette outline of an object carries a lot of visual
information on the object’s 3D shape and is perceptually
very important. Distortion along the silhouette has a low
visual tolerance and can quickly lead to a limited spatial
understanding of the object’s 3D shape. Therefore, viewdependent mesh simplification should take care of preserving the silhouettes as much as possible.
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Fig. 18. (a) Example of silhouette preservation, rendered 17 percent or
17,416 out of 96,966 faces. (b) Without silhouette preservation,
rendered 1 percent or 1,312 out of 96,966 faces.

The example in Fig. 18a shows strict silhouette preservation. While the triangle mesh has a high resolution along the
silhouette area for the given view frustum, other regions are
simplified to the coarsest possible resolution.

5

IMPLEMENTATION DETAILS

5.1 Preprocess
The preprocessing stage of the presented view-dependent
meshing framework consists of the following steps:
Reading the triangle mesh input file, and creating
the half-edge data structure.
2. Selecting the partially ordered set of half-edge
collapses for simplifying the input mesh M n to the
base mesh M 0 .
3. Generating the binary half-edge collapse hierarchy H
and computing the bounding sphere radius as well
as bounding normal cone semi-angle for each node
t 2 H.
Step 1 is not further explained here; it consists of reading
the triangle mesh file, generating three CCW-oriented halfedges for each triangle, and setting up the reverse
information of half-edges.
For the mesh simplification process in Step 2, a
simplification method based on a static object-space geometric error metric has to be used since view-dependent
criteria cannot be used for this view-independent preprocess. This does not seem to be a particular drawback since
less important features in object-space are also likely to be
of less visual importance in image-space. We use the
modified quadric error metric described in Section 2.1 to
guide the preprocess mesh simplification phase. Furthermore, this process should create a set of simplification
operations that exhibit the least possible partial ordering.
Any partial ordering of edge-collapse operations is
expressed by parent-child relations in the binary
hierarchy H. The worst case is a binary hierarchy that is
degenerated to a linear list, in which case a complete order
is defined over all edge-collapse operations and the
refinements or simplifications can only be performed in
that view-independent order and not view-dependently.
1.
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The best case is a fully balanced binary hierarchy which
exhibits least possible partial ordering among edge-collapse
operations. A set of independent half-edge collapses forms
a set of nodes in the binary hierarchy that do not have direct
parent-child relations and thus do not exhibit any partial
ordering in between these operations. Therefore, to reduce
dependencies due to partial ordering of nodes t 2 H, the
preprocess selection of simplification operations is performed in batches of largest independent sets of half-edge
collapses [14], [15]. In fact, since it produces excellent
simplification batches, we use exactly the same batch-wise
simplification as in [15] during the preprocess of FastMesh.
At first sight there seems to be a trade off between
hierarchy balance and approximation quality and that a
greedy mesh simplification would provide better quality
LOD meshes. This is not necessarily true since a viewdependent simplification process must prioritize localized
mesh refinements over a global refinement order to create
high quality view-dependent meshes. Nevertheless, we
want to point out here that other (greedy) mesh simplification approaches based on half-edge collapse operations
such as [12] and [13] are viable alternatives to select a
partially ordered set of edge collapse operations in the
preprocess.
Generating the binary half-edge collapse hierarchy H in
Step 3 involves setting the correct parent-child relations
between the selected half-edge collapse operations. To
achieve our storage efficiency, we exploit implicit relations
between different data elements based on a specific
ordering of the data in arrays. Section 5.2 goes into more
detail on ordering and arranging our data structures
efficiently. Furthermore, the view-dependent simplification
parameters, the bounding sphere radius, and the normal
cone semi-angle  (respectively, sin ) have to be computed.
This is performed by a recursive depth-first traversal of H.
At every node t 2 H, the coefficients t:radius and t:q are
initialized according to the vertices and triangles adjacent to
the start point h:v of the collapsed edge h and maximized
over t:r:radius and t:l:radius for the bounding sphere,
respectively, t:r:q and t:l:q for the bounding normal cone.
Finally, all entries t:q are converted to sinðt:Þ.

5.2 Data Structures
The data structures used in FastMesh to maintain the viewdependent multiresolution mesh are fairly simple and
reflect the simplicity and efficiency of our approach. In
our framework, a view-dependent multiresolution mesh
consists of three different data sets: the vertices, the halfedges, and the nodes of the half-edge collapse hierarchy.
The n vertices are stored in multiple arrays, one for each
attribute such as spatial coordinates, surface normal
orientation, color, or texture coordinates. As shown in
Fig. 19, the half-edges are stored in an array hedges of length
ne ¼ 6n. The half-edge collapse hierarchy H of size nm  n
is represented by three different arrays, as shown in Fig. 19.
The array merge stores the bounding sphere and normal
cone attributes as well as the pointer to the parent for each
node. Leaf nodes by definition have no child nodes, thus, to
save storage space, left and right child pointers are only
stored for nonleaf nodes in the two arrays lchild and rchild.
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Fig. 20. FastsMesh data structures are stored in three parallel arrays,
one each for merge tree nodes, half-edges, and vertices. Within the halfedge array, each set of three consecutive half-edges comprises one
triangle face.

a half-edge a, it can be tested if the corresponding face f ¼
a DIV 3 is currently active by testing if it is an initial face,
f init or if the corresponding node i ¼ f DIV 2 is not
collapsed. If the node is collapsed, then a forced split is
propagated to this node.
Fig. 19. FastMesh main data structures.

Additionally, at runtime, a doubly linked list maintains the
active nodes in the front F .
During the preprocess, the arrays storing half-edges and
nodes t 2 H are arranged in a particular way, as shown in
Fig. 20, to exploit implicit indexing relations between them.
The merge-tree nodes t 2 H are ordered in such a way that
the root nodes reside at the beginning, followed by nonleaf
nodes, and with the leaf nodes at the end of the array. The
list of root nodes is required by the rendering algorithm to
draw the activated faces of the current mesh. Likewise, the
elements of the lchild and rchild arrays are aligned with the
first nm  nl elements of the merge array. All nodes with
index i nm  nl are assumed to have lchild½i and rchild½i
to be NULL pointers. Additionally, the half-edges are
ordered such that, for a given node merge½i, its collapsed
half-edge is heges½6  i and the reverse of this half-edge is
heges½6  i:rev ¼ heges½6  i þ 3. This implicit relationship
between half-edges and merge-tree nodes removes the need
to store explicit pointers between the two structures, saving
significant storage space compared to [8]. At the same time,
this arrangement removes the need to store separate
information per face, as was the case in [8]. Furthermore,
the initial faces corresponding to the coarsest mesh are
placed at the end of the hedges array, starting at index
location init. These faces are never removed from the
triangle mesh by any refinement operation, only their
connectivity information is modified.
For each node t 2 H, FastMesh needs to store a flag
indicating whether that node is currently split or collapsed.
This Boolean value can be stored in a single spare bit. That
spare bit is conveniently located in the sign bit of the node’s
bounding sphere radius. We assume that the bounding
sphere radius cannot be negative. Therefore, FastMesh can
test the sign of the radius to determine the state of a node
and flip the sign when that state, split or collapsed, changes
at runtime.
To be able to propagate forced splits as described in
Section 3.4, it must be known which faces are removed or
inserted by which node. This relation is simply given by the
fact that node i collapses faces 2  i and 2  i þ 1. Thus, given

5.3 Rendering
In the main rendering loop, the front of active nodes F has
to be traversed and tested for each new frame with changed
viewing parameters. After traversing the active nodes, the
front F has to be adjusted within the hierarchy H.
Algorithm 1 in Appendix II (which can be found on the
Computer Society Digital Library at http://computer.org/
tvcg/archives.htm) shows the steps performed on each
active node of the traversed front F . For each node, the
simplification heuristics described in Section 4 are evaluated. If a node represents a collapsed half-edge, it is
recursively refined if required by the simplification heuristic. Otherwise, the half-edge is collapsed if allowed or its
children are tested to be refined recursively.
The procedure to evaluate the view-dependent simplification heuristics is given in Algorithm 2 in Appendix II
(which can be found on the Computer Society Digital
Library at http://computer.org/tvcg/archives.htm). The
code has been modified from standard C++ to be more
concise; it uses vector variables (i.e., v) and vector
operations (+, -, and dot product ), and self-explanatory
variable names such as cos  or sin 2 where appropriate.
Additionally, it assumes that the view parameters are given
by the viewpoint (eye), the view direction (dir), view
frustum aperture semi-angle ! (respectively, tan ! and
cos !), and focal length d.
At any time, the simplified mesh consists of two types of
triangles: 1) the initial triangles which are present in the
coarsest mesh M 0 and 2) any detail triangles which
correspond to faces introduced by vertex split operations.
The initial triangles are stored consecutively in memory,
each as a sequence of three half-edges, pointed to by the
index init, as also shown in Fig. 20. These faces are
rendered every frame by iterating through the array hedges
starting at index init. Detail triangles are rendered using a
depth-first traversal of the half-edge collapse hierarchy H.
Because each node t 2 H corresponds to a vertex split
which introduces two faces, all nodes that have been split
exactly indicate the active faces that represent the current
mesh (in addition to the initial faces of M 0 ). A noncollapsed
node with index i corresponds to two active triangles
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Fig. 21. Nonmanifold vertices: (a) shared between different surface parts
or (b) as part of multiple boundaries or surfaces.

referenced by half-edges 6  i and 6  i þ 3. As shown in
Algorithm 3 in Appendix II (which can be found on the
Computer Society Digital Library at http://computer.org/
tvcg/archives.htm), the recursive traversal stops if a
collapsed node is found.

5.4 Nonmanifold Meshes
As presented so far, the view-dependent simplification
method using a half-edge-based triangle mesh data structure and a binary half-edge collapse hierarchy works well
on manifold triangular meshes of arbitrary topology
(genus). Boundary edges can also be handled consistently
in the framework with little additional effort as outlined in
Section 3.2. In this section, we want to provide additional
information on how nonmanifold vertices are handled and
suggest a pragmatic solution for nonmanifold edges.
First, let us consider singular, nonmanifold vertices only,
as shown in Fig. 21. Around such singular vertices, the
surface appears to have multiple, individually manifold,
components that touch each other exactly at one vertex.
Accordingly, the mesh connectivity with respect to traversal
across edges is consistent, each edge is shared by exactly
two triangles, or only one if the edge is on the boundary. In
fact, since edges refer to vertices by indices and edge
collapse operations do not alter any vertex coordinates, the
vertex is treated as if it where duplicated for the different
mesh components. Therefore, our approach gracefully
handles this situation as if the mesh indeed consisted of
different manifold subparts that actually touch each other at
this point in space. No special care has to be taken to cope
with such isolated nonmanifold vertices.
Nonmanifold edges shared by more than two triangle
faces are difficult to handle for many if not most algorithms
and data structures for triangle meshes and constitute a
problem in particular for mesh simplification methods.
Nonorientable edges are also a problem for the half-edge
data structure and will be considered nonmanifold edges.
The problems with nonmanifold edges in FastMesh are
mostly due to the connectivity relations stored in the
reverse half-edge entries. Nonmanifold edge connectivity
cannot be represented with a basic half-edge data structure
and thus prevents a correct traversal of mesh elements
across edges. For practical purposes, we suggest preprocessing the input triangle mesh and converting it to manifold
triangle mesh components, as shown in [37]. Since the
number of nonmanifold edges is typically small compared
to the size of the entire mesh, this approach can reasonably
be used in practice. Note that this approach has, in fact,
successfully been used for compression of nonmanifold
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triangle meshes, as shown in [38]. For a sufficiently small
number of nonmanifold edges, the reverse information
could be set to some special value when generating the halfedge data structure during the preprocess. Similarly to
boundary edges, the reverse of nonmanifold edges could be
set to an invalid value. This way, nonmanifold edges would
be treated the same as boundary edges in the presented
FastMesh framework.
For handling nonmanifold edges without preprocessing
the triangle mesh or converting them to boundary edges,
the following operations must be supported efficiently:
visiting all edges or faces incident on a vertex (i.e.,
for vertex reassignment after edge collapse or error
calculation),
. collapsing all faces incident to a collapsed edge and
the inverse vertex split operation,
. updating mesh connectivity information after simplification and refinement operations.
This requires a completely different triangle mesh
representation, such as the radial edge [39] or quarter edge
[40] structure. Since this paper focuses on an optimized
implementation for manifold meshes, we leave this for
future work.
.

6

EXPERIMENTAL RESULTS

We tested our view-dependent meshing approach on
various models of different sizes and varying shapes. The
experiments include measurements of the main memory
and disk space requirements of the FastMesh data
structures, as well as runtime performance of the viewdependent error calculations and timing of the dynamic
mesh updates using the half-edge collapse hierarchy.
Fig. 22 and Fig. 23 show examples of the dragon model
and a triangulated terrain surface simplified using the
proposed view-dependent mesh simplification and rendering method. In these high-resolution examples, strict
silhouette preservation is relaxed by coupling it with a
threshold on the length of the collapsed edge. If the squared
length of the half-edge collapse is smaller than =100, then
silhouette preservation is not performed.

6.1 Space Cost
The main memory usage of FastMesh is determined by the
number of mesh elements and the size of the data structures
of Fig. 19. Note that the number of nodes in the half-edge
collapse hierarchy is limited by the number of vertices. For
a mesh with n vertices, about n=2 leaf as well as n=2 nonleaf
nodes, about 2n triangles and 6n half edges, the runtime
space cost consists of:
. 24n bytes for vertex coordinates and normals,
. 8  6n bytes for the half-edges table,
. 12  n=2 bytes for the leaf nodes,
. 20  n=2 bytes for the nonleaf nodes,
Thus, the expected overall main memory size is only
88n bytes. Table 1 shows from 87 up to 89 bytes per vertex
in our experiments, which is due to the fact that the number
nl of leaf nodes is less than n=2, but larger than n=3, in
practice. This is an improvement of about 20 percent over

PAJAROLA AND DECORO: EFFICIENT IMPLEMENTATION OF REAL-TIME VIEW-DEPENDENT MULTIRESOLUTION MESHING

365

Fig. 22. Dragon model example rendered with all visual error metrics
enables, screen projection tolerance  ¼ 1=210 , and angular deviation
tolerance ’ ¼ 0:1 . Images (a) and (b) shown the dragon renderd with
139,082 faces out of 871,414 (15 percent). Images (c) and (d) show
renderings from the actual viewpoint in (c) using the same tolerances
with 139,082 faces (15 percent) and, in (d) at full resolution of frontfacing surface within view frustum with 419,180 faces (48 percent). Strict
silhouette preservation is relaxed by coupling it with the squared length
of the silhouette edge as projected on the view-plane and thresholding it
with 0:01.

the initial FastMesh representation given in [8]. Additionally, the number of list entries used to define the active front
F depends on the number m of rendered vertices. The
rendered vertices are defined by a subhierarchy of
 m nodes that have been split and, given that the list has
one entry for each leaf node in this binary subhierarchy, the
cost of the active front list for m rendered vertices is
approximately 12=2m ¼ 6m bytes.
The main memory cost of FastMesh is much smaller than
the approach presented in [19] which requires 216n bytes.2
Furthermore, despite the significantly reduced memory
cost, our approach calculates more visual error heuristics
than [19] at runtime. In [20], an improved method was
presented that requires 88n bytes for the static part of the
representation and, additionally, 100m bytes3 for the
dynamically changing triangle mesh with m vertices. Note
that this space reduction is achieved at the expense of
continuous memory allocation and deallocation of mesh data
structures at runtime. Our representation does not have to
dynamically allocate or deallocate any data structures
representing the active triangle mesh or the binary half-edge
collapse hierarchy, it only updates the front of active nodes
dynamically and achieves a much better runtime space cost
with only 6m bytes instead of 100m bytes in addition to the
88n bytes of static memory cost.
We can also compare the space cost of FastMesh with the
results provided in [18] for the View-dependence Tree (VDT)
[18] and Merge Tree [16], [17] approaches. The VDT data
structure requires about 90n bytes only for the nodes of the
vertex hierarchy. The overall size of the VDT data structure is
2. Without material id.
3. Without morphing and texture information.

Fig. 23. Images (a) and (b) show the view-frustum and mesh
simplification from a bird’s eye view and images in (c) and (d) show
the terrain as viewed from the actual viewpoint. The right-hand column
images (b) and (d) have only view-frustum simplification enabled, thus
showing the terrain in full detail within the visible view. The left-hand
column has all view-dependent simplifications enabled and strict
silhouette preservation is relaxed by coupling it with the square length
of the silhouette edge as projected on the view-plane and thresholding it
with 0:01.

about 138n bytes or more (24n bytes for vertex coordinates
and normals, 24n for the indexed triangles, 90n bytes for the
VDT, plus a variable number of bytes for the active element
lists). The Merge Tree [16], [17] approach requires much more
storage since its data structure is about two times as large as a
VDT representation. The Multi-Triangulation (MT) approach
presented in [23] achieves a compact representation size of
about 75n bytes for a test mesh of 35,162 vertices for the
proposed implicit graph data structure or 194n bytes,
respectively, for the explicit graph data structure. Note that,
for the implicit MT representation, this space cost does not
include the storage of active, rendered triangle faces at
runtime, which has to be allocated dynamically.
Static storage of a FastMesh representation on disk as
shown in Table 1 requires even less space. Note that the
reverse fields of half-edges can be recovered at initialization
and need not to be stored in a file on disk. The binary
hierarchy is stored as a sequence of half-edge collapse
indices and bounding sphere and normal cone parameters.
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TABLE 1
Number of Vertices, Faces, and Half-Edges Given
for Each Model

Number of nodes in the half-edge collapse hierarchy as well memory
cost of the FastMesh data structure, in main memory, and on disk given
in MBytes.

6.2 Time Cost
The runtime performance tests were performed on a Sun
Ultra60 workstation, equipped with a 450MHz UltraSPARC-II CPU, an Expert3D PCI-bus graphics card. The
CPU time usage was measured with the high-resolution
timing function gethrtime() available on Sun/Solaris machines. Where possible, comparisons with previously
published results are indicated.
In the three left-hand columns of Table 2, we report
construction times of a FastMesh data structure when
initialized from a plain text triangle mesh file (columns ecol
selection and hierarchy) as well as initialization from a binary
FastMesh representation stored on disk (column from disk).
Initialization from a plain triangle mesh file includes the
selection of half-edge collapses as outlined in Section 2.1, as
well as the construction of the half-edge collapse hierarchy,
and computation of simplification parameters as described
in the introduction of Section 4. Initialization from a binary
FastMesh file on disk consists of reading and reconstructing
the half-edge data structure, as well as reading the
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simplification parameters and reconstructing the binary
half-edge hierarchy from the sequence of half-edge collapses.
The improved preprocessing time over [8] is mainly due to
the use of linear-time radix sorting of edge-collapse
candidates after each batch of independent simplification
operations. These preprocessing results compare favorably
with the times reported in [18] for the View-dependence Tree
(VDT) approach. FastMesh requires less than 120 seconds to
process the dragon data set on the Sun Ultra60, while the VDT
method needs almost 400 seconds on an SGI Onyx2.
Meshing and rendering runtime performance was also
measured in CPU time usage using high-resolution timing.
The test consisted of rotating the view frustum around the
center of the objects at two different screen projection error
thresholds  ¼ 0:0 and  ¼ 1=210 . One thousand frames
were rendered for each test run. The three tasks that have to
be carried out per frame and that have been timed are:
Rendering, which includes setting up the graphics
context and calls to the OpenGL glVertex() and
glNormal() functions. The active triangle mesh was
rendered using shaded triangles without texturing.
2. Calculating and testing the view-dependent error
heuristic for all active nodes.
3. Updating the mesh using vertex split and half-edge
collapse operations according to the results of the
view-dependent tests on all active nodes.
For each task, we counted the number of elements that
have been processed and measured the CPU time that was
used. Table 2 presents the achieved results averaged per
frame and shows the runtime cost of each individual task in
relation to the overall CPU time usage. As can be seen, most
of the CPU time is spent on the actual rendering task, which
consumes up to 64 percent. Even though a significant
number of view tests have to be performed each frame, over
100,000 each frame for the happy2 model at  ¼ 0:0, our
approach is very efficient and only uses between 15 to
1.

TABLE 2
Initialization Performance Given in Seconds to Preprocess a Given Triangle Mesh and Construct the Half-Edge Hierarchy
or Read a FastMesh Data Structure from Disk

Runtime performance for rendering, computing error heuristics, and updating the triangle mesh data structure is given by the per frame average
number of elements processed (column |x|), the time in milliseconds to perform each task, and its percentage of overall CPU cost.
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20 percent of the frame time. In particular, the dynamically
changing half-edge-based triangle mesh data structure is
extremely efficient; it only consumes 3 percent and less of
the per frame CPU cost to update the view-dependent
triangulation. One can observe that, with increasing , the
view tests consume more CPU time relative to the rendering
task. However, the view-dependent mesh simplification
proves to be very beneficial as the entire per frame time of
rendering, testing, and updating with  ¼ 1=210 is lower
than even just the triangle rendering time with  ¼ 0:0 for
the larger models. On the test hardware, an amortized mesh
update, sum of many view tests, and one mesh update are
performed in 20s to 50s, while an ecol or vsplit operation
by itself only needs about 3s to 5s on average.
Experiments for the Multi-Triangulation (MT) approach
[23] are reported on an SGI Indigo2. For their fastest
algorithm, extraction times of about 60s per rendered
triangle are reported. Amortized per rendered triangle, our
approach needs, for mesh extraction, which includes view
tests and mesh updates, about 0:5s to 1:1s. Despite the
more than two times slower hardware architecture (195Mhz
R10000 compared to a 450Mhz UltraSparc), this large
performance difference is a clear indication of the complex
mesh update operations of the MT approach, even without
computing multiple visual error heuristics as done in
FastMesh.
The approach in [34] reports  4; 000 triangle removals
per second on a 250Mhz MIPS CPU using a similar halfedge data structure. As reported above, our approach needs
3s to 5s per mesh update, which inserts or removes two
triangles at a time. Thus, we achieve over 400,000 raw
triangle removals or insertions per second, on a 450MHz
UltraSparc CPU. For the entire update operation, which
includes view tests and triangulation, we achieve 40,000 up
to 100,000 per second. Note that the best performance
reported in [34] was for a representation of the triangle
mesh with 68 bytes per triangle or 136 bytes per vertex,
while our representation only requires 88 bytes per triangle
and not only includes the triangle mesh data but also the
view-dependent multiresolution hierarchy data structure.
Experiments in [21] report a performance of 22s and
17s time cost for vsplit or ecol operations on an 866MHz
Pentium III system. Our approach also compares favorably
with these results since it only requires 3s to 5s to
perform a vsplit or ecol operation on a much slower clocked
450Mhz UltraSparc Sun workstation.

[4]

7

[5]

DISCUSSION

In this paper, we present an efficient view-dependent
meshing framework and implementation for interactive
visualization of highly complex triangle meshes called
FastMesh. We introduced a half-edge data structure-based
hierarchical multiresolution triangulation framework, developed algorithms for adaptively refining and simplifying
the triangle mesh interactively using this half-edge collapse
hierarchy, and devised a set of effective view-dependent
error heuristics and a highly efficient implementation of it
to guide dynamic mesh simplification. Experiments on a
variety of meshes have shown the efficiency of the
presented view-dependent mesh simplification, as well as
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the compactness of the required data structures. Compared
to previous methods, our approach exhibits fewer dependencies between refinement and simplification operations,
which optimizes the adaptivity of the view-dependent
mesh generation. For example, collapsing a half-edge does
not have to take into account any dependencies with respect
to other operations, it only has to pass the standard
topological validity test for edge collapse operations.
Furthermore, FastMesh uses simpler and more compact
data structures than other methods, which results in
significantly lower memory requirements than other
approaches. Despite the small memory footprint of our
approach, FastMesh works extremely well and considerably
outperforms other view-dependent meshing and rendering
approaches as shown by our experiments.
The presented FastMesh approach has successfully been
extended to an out-of-core representation [41] that allows
interactive view-dependent rendering of very large meshes
stored on external memory and future work in this area
includes extension to nontriangular and mixed element
meshes, handling of arbitrary nonmanifold polygonal
meshes, incorporation of texture and additional illumination-dependent error heuristics, as well as dynamic triangle
strip generation [42].
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A PPENDIX I
V IEW- DEPENDENT E RROR H EURISTICS
This appendix explains in detail the computation of the
view-dependent and visual error heuristics outlined in Section refsec:error.
A. View frustum
The distance to the view frustum can easily be computed
given its four bounding planes as presented in [19]. However,
the 16 plane parameters are usually not given in a 3D graphics
system. We present an alternative approach where we bound
the view frustum by a cone with semi-angle ω about the viewing direction n. The viewpoint e, normalized view-direction
n, and field-of-view (FOV) angle 2ω are the standard viewing
parameters defining a perspective projection in most graphics
systems.
As shown in Figure 24, a half-edge collapse with endpoint
v and bounding sphere radius r is outside the view frustum
and can be performed if γ − ϕ > ω or cos(γ − ϕ) < cos(ω).
Applying a few trigonometric rules such as cos(α) = sin(90−
α) and sin(α + β) ≤ sin(α) + sin(β) this can be rewritten to
cos γ + sin ϕ < cos ω.

(3)

Equation 3 can efficiently be evaluated without trigonometric functions by using one dot-product and two divisions:
cos(γ) = ((v − e) · n)/|v − e|, sin(ϕ) = r/|v − e| and cos(ω)
can be precomputed once as long as the FOV aperture angle
does not change between frames. A few additional relations
such as cos(γ) > cos(ω) ⇒ split node, |v − e| < r ⇒ split
node, and (v − e) · n < −r ⇒ collapse node need to be tested
before Equation 3 can be used to decide if a node can be
collapsed.
bounding sphere
vertex v

γ
radius r

v-e

ϕ

ω cone semi-angle
view direction n

viewpoint e

view frustum

Fig. 24.

Outside view-frustum simplification.

Equation 3 is conservative for γ ≤ 90 and γ −ϕ ≥ ω in that
it approximates the value cos(γ − ϕ) by cos(γ) + sin(ϕ). The
worst case is achieved if γ − ϕ = ω, which for a typical FOV
semi-angle ω = 30 results in an overestimation of the actual
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value cos(γ − ϕ) by at most 13%. For γ − ϕ < ω or ϕ ≥ γ,
and since ϕ ≤ 90 and ω ≤ 90, the conservative overestimation
does not affect the result, and Equation 3 provides the correct
inequality relation that prevents simplification operations on
elements within the view frustum.
For the special configuration of γ > 90 and −r < (v − e) ·
n < 0 we can approximate the test by |v − e| > r/ cos(ω).
B. Back-faces
To keep back-facing regions of the mesh at the coarsest
possible resolution, a node t and half-edge t.h with endpoint
t.h.v can be collapsed if its entire associated normal cone
is back-facing, that is if no normal within the cone can
be front-facing. Or in other words, none of the triangles
that were removed or distorted by a simplification operation
corresponding to a node s ∈ Ht is front-facing. As can be
seen from Figure 25, given the normal cone with semi-angle
θ and the angle γ between the normalized vertex normal nv
and the vector ev
¯ from the viewpoint e to v, the normal cone
is back-facing if:
γ < 90 ⇒ cos γ > cos(90 − θ) ⇒ cos γ > sin θ
normal cone
semi-angle

(4)

with radius r, bounding normal cone with semi-angle θ, and
the normalized vertex normal nv . Let us call this set of
triangles the domain t of t. For better understanding and simple
graphical representation, Figure 26 shows the situation of
projecting a back-facing surface area onto the view plane. At
run-time, only front-facing regions have to be tested for screen
projection but these are handled analogously after inverting the
vertex normal nv .
The visible area of t is bounded by the bounding sphere
and thus approximated by πr2 . Furthermore, it is maximally
visible from the viewpoint e if it is oriented perpendicularly
to the projection direction ev.
¯ Thus for a given surface normal
nv , the visible area of t is directly proportional to the cosine
of the angle γ formed between ev
¯ and nv (maximal if γ =
0 ⇒ cos γ = 1, and minimal if γ = 90 ⇒ cos γ = 0, see also
Figure 26). However, due to the normal variation bounded by
the bounding cone angle θ, we have to consider the area of t
oriented at angles γ ±θ, with γ −θ being the worst case. Given
that γ ≤ 90 and γ ≥ θ the maximal visible area of t is directly
proportional to cos(γ − θ). Screen projection is performed by
perspective division, and therefore, the projected area on the
view plane at distance d from the viewpoint can be bounded
by:
cos(γ − θ) ·

vertex normal nv

θ

γ

πr2
d2
|v − e|2

vector ev

(5)

vertex normal nv

normal cone
semi-angle
θ

γ

vector ev

vertex v
θ

θ

v

viewpoint e

bu
o
nd
ing sph
ere
withrad
iu
s
r

focal length d

Fig. 25.

Back-face simplification.
viewpoint e

As mentioned at the beginning of this section, sin θ is stored
with each half-edge collapse instead of the actual semi-angle
θ of the normal cone. The cos γ term can be computed by
nv · (v − e)/|v − e|, the dot product of the normalized vertex
normal nv and the vector ev
¯ from e to v divided by the length
of ev.
¯ Note that ev
¯ has already been computed for the viewfrustum simplification and can be reused for back-face culling.
Note that Equation 4 itself is not a conservative heuristic
but the correct inequality for back-face testing of a normal
cone. Furthermore, since our bounding normal cones are
correctly computed for each half-edge collapse, this back-face
simplification criterion is not an approximation as it is the
case in [19]. The proposed heuristic is as good as the bounding
normal cone hierarchy is: more exact for tight bounding cones,
and conservative for overestimated normal cones. In any case,
it is guaranteed that no vertex is removed that has a silhouette
or front-facing surface normal.
C. Screen projection
In FastMesh we bound the projected area of triangles
affected by a half-edge collapse using its bounding sphere

Fig. 26.

Simplification based on screen projection.

The computation of the projected area according to Equation 5 would require an expensive calculation of the explicit
value of γ, followed by another expensive cosine of γ − θ. We
avoid such costly trigonometric functions by the use of the
trigonometric equality cos(α) = sin(90 − α), and inequality
sin(α + β) ≤ sin α + sin β, to get cos(γ − θ) ≤ cos γ + sin θ.
Thus the projected area can be bounded by:
(cos γ + sin θ) ·

πr2
d2
|v − e|2

(6)

Therefore, a half-edge with bounding sphere radius r and
normal cone with semi-angle θ can be collapsed if the projected area estimate of Equation 6 is smaller than the given
threshold τ . For γ ≤ 90 the cosine term cos γ can be reused
from the back-face simplification test, otherwise if γ > 90
we can invert the vertex normal nv and recalculate it by
cos γ = −nv · (v − e)/|v − e|. Note that also the length |v − e|
has already previously been computed and can be reused here
as well.

18

For γ ≤ 90 and γ ≥ θ the worst case overestimation using
cos γ + sin θ instead of cos(γ − θ) would occur exactly when
γ = θ. However, we clamp cos γ + sin θ to be less or equal
to 1.0 all the time because cos(γ − θ) ≤ 1.0, and then the
worst case factor occurs at γ = 60 and θ = 30 with less than
16% overestimation, cos γ + sin θ < 1.16 · cos(γ − θ). For any
angles γ < θ we can set cos γ + sin θ strictly to 1.0.

D. Shading
We can measure the potential deviation in diffuse shading
for a particular half-edge collapse operation by the variance
in surface normals of the affected triangles. Therefore, we can
bound the variation in shading by a function of the variance
in normal directions, thus a function of the normal cone with
semi-angle θ. In general the simplified surface will exhibit
more shading artifacts for larger θ. Additionally the angle γ
of the surface normal with respect to the projection direction
may also be taken into account. For diffuse illumination the
shading variation is proportional to θ, see also Figure 27.
normal variance nv

+θ

E. Silhouettes

A node t in the half-edge collapse hierarchy H is considered
to contain the silhouette if its normal cone contains normals
of mesh elements that are front-facing as well as some that
are back-facing with respect to a particular viewpoint. This is
the case as shown in Figure 28 if the normal cone contains the
exact silhouette normal which is perpendicular to the vector
ev.
¯ Therefore, as illustrated in Figure 28 given the normal
cone semi-angle θ, the angle γ between the vertex normal and
the vector ev
¯ from the viewpoint e to v, a node is considered
to be part of the silhouette if |90 − γ| < θ. Thus a node cannot
be simplified if the following inequality holds:

| sin(90 − γ)| < sinθ ⇒ (cos γ)2 < (sin θ)2

(8)

vector ev

nv
normal variance nv-θ

θ
γ

vertex v

viewpoint e
vertex normal nv

Fig. 27.

Shading based simplification.

For a given angular normal deviation threshold ϕ – surface
normal directions are allowed to change by up to ϕ degrees,
all ecol operations with normal cone semi-angles θ < ϕ can
be collapsed. Since we only maintain sin θ for each halfedge collapse, we can precompute sin ϕ before dynamically
adjusting the mesh, and test
sin θ < sin ϕ

(7)

for each active node in the half-edge collapse hierarchy.
While this shading heuristic as presented above is not dependent on the actual viewpoint, it is a simplification criterion
that affects the shading accuracy of the triangulated surface.
The angular deviation tolerance θ < ϕ could easily be coupled
with γ by θ < f (ϕ, γ) such that for smaller γ less angular
deviation is tolerated than for larger γ. The result of this test,
if it is not a function f (ϕ, γ), could be computed on the
entire hierarchy once for any given tolerance ϕ and stored as
a boolean flag with each node. However, this flag would still
be subject to testing at run-time since this visual simplification
criterion is evaluated last among all visual error heuristics
presented in this section. The hierarchy cannot be trimmed
for this test in any way in a preprocess. Therefore, Equation 7
can be used at run-time without any drawback in performance
or storage cost.

normal cone
semi-angle

θ

vertex v

γ

vector ev

face normal n1

face normal n2
viewpoint e

Fig. 28.

Silhouette preservation.

The cos γ term is already computed for back-face simplification, thus can be reused, and sin θ is stored with each
half-edge collapse. The presented silhouette preservation test
is only conservative in the sense that bounding normal cones
conservatively represent the variation in normal directions, and
it prevents removal of any vertex that is part of a silhouette
edge on the highest mesh resolution.
Strict silhouette preservation can easily be relaxed by combining it with an edge-length tolerance or the screen projection
heuristic described in the following section. Thus if a node
is considered to be a silhouette according to the criteria
mentioned above but if its edge length or screen projection
is smaller than a given threshold it can still be allowed to be
simplified.
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A PPENDIX II
R ENDERING A LGORITHMS

void renderMesh() {
int i;
// render initial faces
for (i = init; i < ne; i += 3)
drawTriangle(hedges[i].vtx,
hedges[i+1].vtx,
hedges[i+2].vtx);
// render detail faces, recursively render each root node
for (i = 0; i < nr; i++)
renderTree(merge[i]);
}
void renderTree(bintree *node) {
int t, i;

void viewTestNode(bintree *node) {
int merge;
merge=viewTest(node); // perform view-dependent tests
if (faces[node->edge/3].flag == COLLAPSED)
if (!merge)
split(node);
if (node->l)
viewTestNode(node->l);
if (node->r)
viewTestNode(node->r);
else
if (merge)
collapse(node);
else
if (node->l)
viewTestNode(node->l);
if (node->r)
viewTestNode(node->r);
}

Algorithm 1 Testing a node of the active nodes front.
int viewTest(bintree *node) {
float v[3], ev[3], len, dot,
cosγ, cosγ2, sinθ2, factor, parea;
// get vector ev from current viewpoint
// v is start-vertex of node->edge
ev = v - eye;
len = sqrt(ev · ev);
// get cosine of angle between ev and dir
dot = (ev · dir);
cosγ = dot / len;
// check if mesh element is outside of view frustum
if (len > node->radius && cosγ < cosω)
if (dot < 0.0) // behind the viewpoint
if (dot < -node->radius)
return 1;
if (len > node->radius/cosω)
return 1;
else if (cosγ + node->radius/len < cosω)
return 1;
// get other variables
cosγ = (nv · ev) / len; // nv is vertex normal
cosγ2 = cosγ * cosγ;
sinθ2 = node->sinθ * node->sinθ;
// back-face simpliﬁcation
if (node->sinθ < 1.0 && cosγ > node->sinθ)
return 1;
// do not simplify in silhouette areas
if (cosγ2 < sinθ2)
return 0;
// screen projection
cosγ = |cosγ|;
if (cosγ2 < 1.0 - sinθ2)
factor = cosγ + node->sinθ;
if (factor > 1.0)
factor = 1.0;
else
factor = 1.0;
parea = factor*π*node->radius2*d2/len2;
if (parea < τ)
return 1;
// shading
if (node->sinθ < sinϕ)
return 1;
return 0;
}

Algorithm 2 Evaluating the view-dependent error heuristics.

// stop traversal on leafs and collapsed nodes
if (!node || collapsed(node))
return;
// render both faces corresponding to node
t = tree - merge; // get index of node
i = t * 6;
drawTriangle(hedges[i].vtx,
hedges[i+1].vtx,
hedges[i+2].vtx);
i = i + 3;
drawTriangle(hedges[i].vtx,
hedges[i+1].vtx,
hedges[i+2].vtx);
// recursively render chld nodes
renderTree(lchild[t]);
renderTree(rchild[t]);
}

Algorithm 3 Rendering of active faces.

