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Abstract. Multiresolution modeling is a very important technique for interactive visualization of very large data sets. Multiresolution volume data structures allow the extraction of
adaptively triangulated isosurfaces in large volume data sets
at interactive frame rates, providing the user the ability to visualize the volume data in real-time. The isosurface is displayed at a coarse resolution for areas of low variance in
the isovalue or for fast interaction, and at finer resolution
for areas of high variability or detail inspections. Ideally, a
coarse approximation of the isosurface has the same topological structure as in the highest resolution. Important topological properties such as the genus, or structure and number of connected components of an isosurface are often neglected in existing multiresolution isosurface extraction and
rendering algorithms. This can result in sudden, and uncontrolled topological changes of the rendered isosurface whenever the global or local level-of-detail of the extracted isosurface changes. The scope of this paper is to propose an efficient
technique which provides control over topological changes,
in particular preservation of topolgical properties, in an interactive multiresolution isosurface extraction and rendering
framework. We present two methods for topology preserving
multiresolution isosurface extraction: the first is optimal in
run-time and space cost, and the second is optimal with respect to the size of the extracted isosurface. Furthermore, we
also present extensions of our method for controlled topology
simplification.
Key words tetrahedral multiresolution modeling – isosurface extraction – level-of-detail – surface topology – critical
points

1 Introduction
Isosurface extraction is a very common and useful tool for
interactive visualization of volume data. In the last years, the
resolution of volumetric data sets has been increasing dramatically. This applies to typical measurement data arising i.e. in
medical imaging as well as to output of large-scale numerical
simulations i.e. in scientific computing.

The importance of multiresolution methods becomes apparent when such large data sets have to be visualized interactively in applications such as computer aided surgery or scientific visualization. Without multiple levels-of-detail (LODs),
the number of triangles which make up an isosurface can easily exceed the capacity that can be rendered at interactive
frame rates. Furthermore, the isosurface extraction phase producing this large number of triangles may simply be too slow
in order to be able to change the isovalue interactively.
Both, the isosurface extraction speed and rendering performance can significantly be increased by multiresolution
methods. These methods allow the user to control the accuracy of the extracted isosurfaces by reducing the mesh complexity (or vice versa). Therefore, the user is able to explore
and interactively display large volume data using simplified
approximations of the isosurface to view the overall structure
of the isosurface, or to adapt the mesh complexity to available
rendering capacity. Moreover, the user can use more detailed
resolutions when zooming into the data set for detail inspections, or to render single shot high-detail views. The user can
also adjust the isovalue interactively at lower LODs.
Different LODs, and adaptive triangulation of the isosurface aid the user in navigating and exploring the data set interactively. However, the user should also be prevented from
missing interesting parts of the isosurface, and the overall
structure of the data set should correctly be retained. The
topological genus (also number of handles), and the connected
components – even the local spatial connectivity – of an isosurface are certainly important properties, and the user should
have control over changes in these properties that are only due
to simplification of the isosurface.
A multiresolution isosurface extraction algorithm is called
topology preserving if all simplified isosurface approximations have the same topological genus, connected components,
and local connectivity as the highest resolution isosurface. It
is called topology simplifying if the genus, or the global or local connectivity change for different LODs. In the latter case,
however, the user should be able to control the extent and type
of possible topological changes.
Based on our preliminary results in [8], in this paper we
include a more detailed treatment of topology and homeomorphism, and we present improved methods which allow
preservation, and controlled simplification of topology of iso-
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surfaces at different LODs in a real-time multiresolution isosurface extraction and rendering framework. Our techniques
are based on hierarchical tetrahedral volume meshes instead
of the triangle surface meshes of particular isosurfaces. Although the focus will here be on regular grid volume data,
the approach can be generalized to curvilinear or unstructured
grids generated by bisection in a straightforward manner.
The remainder of this paper is organized as follows. In
Section 2 we review previous related work. Section 3 describes the hierarchical multiresolution mesh framework based
on tetrahedral bisection (triangle bisection in 2D). In Section 4 we present our technique for topology preservation and
include the mathematical background and references to the
theory on topological spaces that forms the theoretical foundation of our approach. The controlled topology simplification method is described in Section 5. Section 6 concludes
the paper.
2 Related Work
Very often, an isosurface represented as a triangle mesh is
extracted in a preprocessing step. The extraction can be very
time-consuming when standard marching algorithms [18, 24]
are used. Therefore, a variety of methods have been designed
to speed up the extraction step [14,17,29], or to limit the extraction to the visible triangles [10,16]. General topological
problems in isosurface generation have been addressed in [4,
21,27, 31].
One way to turn an isosurface into a multiresolution representation is to apply a triangle mesh simplification algorithm to the extracted isosurface triangle mesh. For a detailed
overview of the large variety of available triangle mesh simplification methods see the recent surveys of [13,25]. In this
context, controlled topology simplification of isosurface meshes
has been considered in [1,12,7]. The triangle mesh simplification approach has several disadvantages though. It requires
initial extraction of the isosurface at the finest resolution, which
makes interactive adjustments of the isovalue impossible, unless isosurfaces for all possible isovalues are extracted which
in turn is highly memory-inefficient. Moreover, the construction of a multiresolution triangle mesh hierarchy is generally
slow since it has to deal with non-gridded, irregular triangle
mesh input.
On the other hand, it is possible to extract isosurfaces at
multiple resolutions directly from the volume data. Thereby,
a multiresolution hierarchy is not inferred on the triangulated
isosurface itself, but on the underlying 3D volume data set.
A coarser isosurface is simply defined as the isosurface of
a less detailed approximation of the volume data. Isosurface
extraction is then usually performed in a recursive top-down
traversal of the multiresolution volume data structure, resulting in a hierarchical spatial subdivision of the volume data
containing the isosurface, and an adaptive triangulation of
that isosurface. Starting with an extremely coarse initial approximation, details are added in areas where an error indicator shows a large intolerable local error with respect to the
data on the finest resolution. If the approximation error drops
below a user-defined threshold, the algorithm stops the recursive refinement locally, and extracts the isosurface at the current LOD. The isosurface may not even have to be stored as
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a triangle mesh, but is directly rendered during the recursive
traversal of the multiresolution hierarchy.
If the data domain is refined adaptively (i.e. not uniformly)
it can happen that the extracted isosurface contains holes (cracks)
due to non-matching tetrahedral subdivisions at transition zones
between different LODs. The analogous problem exists in hierarchical triangle subdivisions of height-field data [15, 6, 23].
Different solutions have been devised for this problem, including remeshing [5, 11], point insertion [26], filling, adaptive projection [22], and saturation of the error indicator [23,
9, 10]. In the following, we introduce a simple and highly efficient way to incorporate topology control into adaptive multiresolution isosurface extraction based on the error saturation
technique.
A preliminary short report on the basic idea of the techniques presented in this paper has previously been published
in [8]. In this extended paper, we provide a more thorough
treatment of the mathematical concepts underlying our approach. We introduce the multiresolution framework based
on isoline extraction to better understand its extension to multiresolution isosurface extraction. Furthermore, we review the
mathematical theory of topological spaces and homeomorphism in the planar domain and show how it extends into 3D.
Additionally, we present improved critical interval saturation
and topology preserving isosurface extraction, new metrics
for controlled topology simplification, and additional experiments of the improved algorithms.
3 Multiresolution Framework
In this section we review preliminary techniques for the construction of multiresolution isosurfaces based on tetrahedral
meshes. We first introduce the analogous triangle mesh based
2D equivalent of this technique that provides easy to understand examples in the planar domain of the same topology
concepts as used in 3D.
3.1 Triangle Bisection
The two-dimensional analog to the gridded volume data is
a grid-digital height-field as it is familiar from terrain rendering. The multiresolution triangle mesh is based on a quadtreelike hierarchy, and recursive longest edge bisection of triangles, also called restricted quadtree triangulation (see also
[28, 15, 6, 23]). Figure 1 shows an example of recursive longest
edge bisection starting with a rectangle that is initially composed of two triangles. The triangles are recursively refined
by splitting their longest edge at its midpoint, and connecting
the midpoint to the opposite vertex of the triangles incident
upon the bisected edge. Note that given a uniform square grid
of input points, and starting with the square bounding box
triangulated by a diagonal, all subsequent midpoints of recursive longest edge bisections fall onto points of the input grid.
Adaptively refining the triangulation, however, can cause
cracks or so called hanging nodes in the triangulation as shown
in Figure 2 a) when triangle A is refined, but triangle B is not.
This is possible for a given approximation error threshold ε if
the error indicator η indicates that triangle B provides a sufficient approximation for the given error tolerance (η(B) < ε),
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Fig. 1. Recursive refinement of triangles by longest-edge bisection.

but triangle A does not (η(A) > ε). To avoid cracks both
triangles sharing a bisection edge must be refined, and must
be on the same level of the refinement hierarchy as shown in
[23]. This can be achieved by saturating the error indicator
of triangles appropriately (see also Figure 2). The approximation error η of a triangle T is measured at the refinement vertex xref (T ), the midpoint of the longest edge eref (T ), and thus
η(T ) = η(xref (T )). Therefore, as shown in Figure 2 b) all triangles {Tl , Tr } sharing the same refinement edge eref have the
same error indicator η(Tl ) = η(Tr ) since xref (Tl ) = xref (Tr ).
The error indicator is saturated if and only if for each refinement edge, and its corresponding refinement vertex the
following inequality holds for ∀T ∈ {Tl , Tr }:
η(T ) ≥ max{η(Cl (T )), η(Cr (T ))}.

(1)

If this condition is initially not satisfied for a particular
error indicator, saturation can be achieved by error propagation in a bottom-up traversal of the triangle hierarchy. A minimally saturated error indicator η̄ can be achieved by setting
the error indicator on the refinement vertices to
η̄(xref ) =

max {η(xref ), η̄(Cl (T )), η̄(Cr (T ))},

(2)

T ∈{Tl ,Tr }

and η̄(T ) = η̄(xref (T )) correspondingly.
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Fig. 2. a) Cracks occur if triangles sharing an edge are not equally
subdivided at that edge. b) All triangles {Tl , Tr } sharing the same
longest edge have the same error indicator. c) The error indicator
of a refinement vertex xref is saturated from all children of triangles
{Tl , Tr } sharing xref .

The extraction of an isoline for a particular isovalue τ is
performed in a top-down traversal of the multiresolution triangle hierarchy. Given a geometric approximation error tolerance ε as stopping criterion, triangles are recursively subdivided until η(T ) < ε, or all height values at the vertices of
T are either smaller or bigger than τ . Finally, the isoline is
computed locally in each triangle that contains the isovalue.
3.2 Tetrahedral Bisection
The multiresolution framework for 3D volume data is similar
to the triangle mesh hierarchy described above, and is based

on recursive bisection of tetrahedra. This refinement scheme
is well known from numerical methods for partial differential
equations [19], and it has recently be applied to multiresolution isosurface extraction in volume visualization [9, 30]. Octree approaches use a trilinear interpolation for modeling the
volume data, and a bilinear interpolation for isosurface extraction – generating piecewise linear, triangular surface elements. In contrast, the data models of the volumetric grid, and
the triangulated isosurface coincide in the tetrahedral volume
mesh framework. Therefore, a lot of problems arising from
different data models are eliminated. This also includes problems related to the topology of isosurfaces.
Let us consider a nested hierarchy of tetrahedral grids T l
with levels 0 ≤ l ≤ lmax . The tetrahedra are refined by recursive bisection: As shown in Figure 3, a tetrahedron T is split
into two child tetrahedra Cl (T ) and Cr (T ) at the midpoint
xref (T ) of the longest edge eref (T ) by the face spanned by
xref (T ) and the two vertices of T opposite to eref (T ). Through
recursive application of this subdivision, a binary tree hierarchy is inferred on the tetrahedra.
eref
eref

xref
xref

eref

xref

Fig. 3. Decomposition of a tetrahedron by recursive bisection.

We assume that the input volume data is arranged in a
uniform grid with n3 nodes, and n = 2k + 1. The initial tetrahedral mesh T 0 consists of the six tetrahedra whose vertices
are adjacent corners of the bounding cube of the volume, and
which all share the same diagonal of that cube as shown in
Figure 6a. Thus, all refinement vertices xref (T ) fall onto grid
points of the original data set.
Note that the tetrahedral mesh hierarchy does not need to
be constructed explicitly. The binary tree of tetrahedra can be
traversed implicitly, and all required information can be computed on-the-fly using a recursive depth-first traversal procedure as shown below. It is initially called for the six tetrahedra on the coarsest mesh T 0 with their longest edge given by
(x1 , x2 ), and opposite vertices x3 and x4 :
recursive_descent(Coord x1,
{
xref = (x1+x2) / 2;
if (l < lmax) {
if ((l mod 3) == 0) {
recursive_descent(x1,
recursive_descent(x2,
} else {
recursive_descent(x1,
recursive_descent(x2,
}
}
}

x2, x3, x4, Int l)

x3, x4, xref, l+1);
x4, x3, xref, l+1);
x3, x4, xref, l+1);
x3, x4, xref, l+1);

Using linear interpolation inside each tetrahedron, a piecewise linear function on T l is obtained that is uniquely defined
by the data values f (xi ) at the corresponding nodes of each
tetrahedron.
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4 Topology Preservation

3.3 Isosurface Extraction
The isosurface extraction algorithm for an isovalue τ traverses
the tetrahedral hierarchy in a depth-first order. It recursively
subdivides a tetrahedron T = (x1 , x2 , x3 , x4 ) if the data value
interval of at least two nodes xi and xj of T includes the isovalue, i.e. f (xi ) ≤ τ < f (xj ) (for f (xi ) < f (xj )). The
isosurface can then be extracted locally for each tetrahedron
it intersects using the look-up table of the marching tetrahedra
algorithm [24].
Given a geometric approximation error threshold ε, an
adaptive multiresolution isosurface extraction algorithm additionally checks the error indicator η(T ) of a tetrahedron T before splitting T recursively. A tetrahedron T intersecting the
isovalue τ is recursively subdivided only if η(T ) > ε. Similar
to the two-dimensional analog described in Section 3.1, adaptive subdivision can lead to hanging nodes in the tetrahedral
mesh, and thus cracks in the extracted isosurface. If due to
η(T 0 ) < ε the recursive subdivision stops on a specific tetrahedron T 0 , but since η(T ) > ε refines another tetrahedron
T that shares its refinement edge eref (T ) with T 0 , an inconsistency occurs at the hanging node xref (T ). Therefore, it is
necessary to ensure that whenever a tetrahedron T is refined,
all tetrahedra sharing the refinement edge eref (T ) are refined
as well.
As shown in [9, 10] cracks can be avoided by saturation
of the error indicator η. First, let us define the error indicator η(T ) of a tetrahedron T on the refinement vertex xref (T ),
the midpoint of its longest edge eref (T ), and thus η(T ) =
η(xref (T )). Therefore, all tetrahedra T (eref ) = {T ∈ T l |eref (T ) =
eref } sharing the same refinement edge eref have the same error
indicator.
Similar to Equation 1, the error indicator on the tetrahedral mesh fulfills the saturation condition if for all tetrahedra
the following inequality holds.
∀T ∈ T (eref ) : η(T ) ≥ max{η(Cl (T )), η(Cr (T ))}

(3)

If the error indicator fulfills the saturation condition of
Equation 3 for all T ∈ T l with l < lmax , no hanging nodes can
occur for all possible values of ε (see also [22,30]). If an error
indicator η does not fulfill this condition it can be saturated
in a preprocessing step. In a level-wise bottom up traversal of
the hierarchy it is possible to construct a minimally saturated
error indicator η̄ by setting the error on the refinement vertices
to
η̄(xref ) = max {η(xref ), η̄(Cl (T )), η̄(Cr (T ))}.

The shapes of different LODs of an extracted isosurface for a
particular isovalue τ strongly depend on the used error indicator η. A wide range of possible error indicators have been
explored, and can be used to efficiently control tetrahedral
grid refinement for visualization purposes [10]. However, the
geometric error indicators in general do not allow to control
or prevent changes in the topological structure of the isosurface. That is even the case if a conservative error measurement (i.e. based on the L∞ -norm) is used.
In this section we will first develop the notation of critical points which are extraordinary points in the data set that
define the topological structure of an isosurface. And second,
we derive a technique how these critical points can correctly
be identified with respect to our tetrahedral multiresolution
framework. Then we will show how the minimum set of critical points required to guarantee correct topology for arbitrary LOD ε can efficiently be selected for any isovalue τ .
Finally, we will show experiments, and performance results
of our topology preserving multiresolution isosurface extraction method.

4.1 Topology and Homeomorphism
In this section we want to provide the mathematical foundation and related work found in the theory on topological
spaces, homeomorphism, and homotopy type that supports
our approach on topology preservation (see also [20, 3]). Let
us first define the term homeomorphism that defines topological equivalence classes according to the theory of geometric
topology that we want to follow here.
Definition 1. (Homeomorphism) Two topological spaces X
and Y are said to be homeomorphic or topologically equivalent if there exists a continuous bijection f : X → Y with a
continuous inverse function.
Homotopy type is also an equivalence relation between
spaces, and it relates to the homeomorphism type of topological spaces through the following two lemmas found in
homotopy theory.
Lemma 1. Two spaces X and Y are homotopy equivalent if
and only if X and Y are homeomorphic.
Lemma 2. If two spaces X and Y are not of the same homotopy type then they cannot be homeomorphic.

(4)

T ∈T (eref )

Given a saturated error indicator η, the isosurface extraction algorithm for a given isovalue τ , and geometric approximation error threshold ε performs a depth-first traversal of the
binary tetrahedra hierarchy. The recursive traversal is stopped
if the current tetrahedron T is not a candidate for an intersection with the isosurface or if η(T ) < ε, and in the latter case
the isosurface is extracted locally for T . Therefore, the complexity of the multiresolution isosurface extraction algorithm
is linear in the number of extracted triangles for a particular
LOD, and independent of the input size.

The topological spaces of interest to us are (iso-) lines
and surfaces. We will study the basics here for isolines, but
the same principles hold analogously for isosurfaces, and thus
define the topological space of a line.
Definition 2. A topological line is a space S such that every
x ∈ S has a neighborhood homeomorphic to either R or
R≥0 .
For example a circle and a square in 2D are topologically
homeomorphic lines, however, a closed line of the form of an
eight is not homeomorphic to a circle.
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An isoline Lτ of a continuous function f : R2 → R
defining a compact manifold surface M = {p(x, y, f (x, y)) ∈
R3 } is the set of points Lτ = f −1 (τ ) = {p ∈ M :
f (p) = τ }. Thus Lτ = f −1 (τ ) is a smooth sub-manifold
of M . Note that we do not consider the boundary of the domain over which the function f is defined here, and we assume without loss of generality that the manifold M is compact (has no holes). See Figure 4 for an example of such an
isoline.
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Therefore, the preservation of critical points is a sufficient
measure to control topological equivalence. Critical points
cannot be omitted without careful consideration of the affected isolines and isovalues. In particular, all critical points
that affect a particular isoline must be retained in a multiresolution environment. We will discuss the omission of noncritical and specific critical points in a discrete multiresolution setting in the following sections.
These fundamental properties of critical points with respect to the topology of isolines in 2D of functions f : R2 →
R also hold for isosurfaces Sτ = f −1 (τ ) = {p ∈ R3 :
f (p) = τ } of functions f : R3 → R. Thus the conclusion
that the topology of an isosurface is defined by the critical
points extends analogously into 3D.

4.2 Discrete Critical Points

2

Fig. 4. Isoline Lτ for τ = 0.5 of function f = e−r (sin 2πr −
r cos 3θ).

We now define the so called critical points and critical
values that are used to detect changes in topology, or better in
homotopy type, between different isolines.
Definition 3. (Critical point) A point p ∈ M is called a crit∂f
ical point of the function f if ∂f
∂x = 0 and ∂y = 0 for p. The
value τp = f (p) is called a critical value of f .
The following two lemmas derived from homotopy theory
[20] make it clear that the topology of isolines only changes
at critical points. We assume that critical points are isolated
and non-degenerate.
Lemma 3. Let a < b and suppose that the set f −1 [a, b] =
{p ∈ M : a ≤ f (p) ≤ b} is compact, and contains no
critical points of f . Then the two spaces f −1 (a) and f −1 (b)
are of the same homotopy type.
Lemma 4. Let p be a critical point with value τp = f (p), and
suppose that f −1 [τp − ε, τp + ε] is compact for some small
ε > 0. Then, the two spaces f −1 (τp − ε) and f −1 (τp + ε) are
in different homotopy type equivalence classes.

The definition of critical points of continuous functions as
outlined above, translates in a simple way to piecewise linear
functions defined over a discrete regular grid. In 2D a critical
point can form a local minimum, maximum or saddle point,
and in 3D you have several additional variations of saddle
points. For non-degenerate isolated critical points the relative difference in isovalues of the immediate grid neighbors
can be examined to detect local minima, maxima or saddle
points (i.e. around a local minimum all neighbors have larger
values). At critical points, the isosurface locally changes its
genus or number of components (connectivity) depending on
if this data point is used in the piecewise linear interpolation
of the isovalues or not. Since our data model is piecewise linear, critical points can only arise at vertices of the tetrahedral
mesh. Note that this would not be true for octahedral meshes
and trilinear interpolation.
Figure 5 shows a 2D example of a critical point at the
refinement vertex xref of two triangles sharing the same refinement edge. Sample isovalues are given for the corners of
the triangles and for the refinement vertex. Multiple isolines
are drawn in light grey color according to the piecewise linear interpolation between vertices. With respect to the coarse
triangulation on the left side, one can easily see the local maximum introduced by the refinement vertex on the finer triangulation on the right side. The critical point xref influences the
local topology of a set of isolines.
2

3

2

6

4

3

xref

Due to the relation between homotopy type and homeomorphism expressed in Lemmas 1 and 2 and the effect of
critical points on the homotopy type of isolines as described
above one can conclude that:
Corollary 1. Two isolines Lτ1 and Lτ2 with τ1 < τ2 are
homeomorphic if there exists no critical point with critical
value τp ∈ [τ1 , τ2 ], but can be of different topological type if
there exists such a critical point.

4

6
xref = 8

Fig. 5. Critical point in multiresolution isoline extraction. The corners have isovalues 2, 3, 4, and 6, and the refinement vertex xref has
an isovalue of 8. Isolines are drawn in light grey at 0.5 intervals.
Inclusion of xref equals to a local maximum at this critical point.
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Similarly, a critical refinement vertex xref in a tetrahedral
mesh defines the local topology of a set of isosurfaces with
isovalues τ = f (xref ) ± τε (with τε denoting the range of
affected isosurfaces).
The basic idea to incorporate topology preservation into
our multiresolution isosurface extraction method is the following:
If an adaptive tetrahedral mesh contains all critical
points, then any approximate isosurface has the same
topology as the corresponding isosurface on the finest
resolution.
Critical points, however, have to be defined hierarchically
based on the tetrahedral bisection hierarchy since points which
are non-critical with respect to the finest resolution can become critical with respect to a coarser resolution [2]. This is
not because the removal of a non-critical point introduces any
new singularities in the mesh not previously present. However, a single singularity such as a minimum, maximum or
saddle point can have an effect on multiple levels of resolutions.
Therefore, a refinement vertex xref is called a hierarchical
critical point if it is a critical point with respect to the refinement edge eref and the vertices of the incident tetrahedra in
the current resolution. Thus xref is hierarchical critical if the
topology of an isosurface restricted to all tetrahedra sharing
the refinement edge eref changes when the tetrahedra are refined at xref . For topology preservation we can then conclude
that:
Corollary 2. If an adaptive tetrahedral mesh contains all hierarchical critical points, topology preservation has been
achieved.
4.3 Lookup-Tables
4.3.1 Critical Point Identification
Although hierarchical critical points can be found in a preprocessing step, their identification should nevertheless be done
as efficiently as possible. Extraction of multiple isosurfaces
for isovalues τ = f (xref ) ± τε with and without taking xref into
account, and comparing their topology would be a tedious
and too time-consuming task. Fortunately, since the topology
of the isosurface only depends on the relative ordering of the
data values at the vertices of the tetrahedra incident on the
refinement edge, critical points can be identified quite efficiently based on look-up tables. In [30], however, an overly
simplified and conservative table has been proposed which
generates many unnecessarily refined tetrahedra. Our experiments have shown dramatically that a careful, and not overly
conservative selection of critical points is crucial to achieve
efficient isosurface simplification despite topology preservation.
To identify a critical point p of the function f : R2 → R
in 2D let us evaluate f on a circle C centered at p with sufficiently small radius ε. There exists a natural segmentation
of C into k compact segments C1 . . . Ck , with each segment
Ci having values f (Ci ) smaller or greater than f (p). If this
binary segmentation results in only one segment C1 = C

then all points surrounding p have smaller (or greater) values
than f (p), and thus p is a local maximum (or minimum) of
the function f . If the binary segmentation results in exactly
k = 2 segments then the point p is not a critical point of f ,
and if k > 2 then we have a (critical) saddle point. Analogously in 3D we evaluate the function f : R3 → R on an
ε-sphere around p, and its binary segmentation leads to the
same definition of a critical point as in 2D.
The examination of an ε-neighborhood around a point
as outlined above can be translated to defining a hierarchical critical refinement vertex xref by examining the piecewise
linear (triangulated) boundary surface of all tetrahedra incident on the refinement edge eref . First, let us define the surrounding polyhedron Cpoly of a refinement edge eref as the
boundary of all adjacent tetrahedra sharing eref . In our case of
regular gridded data sets and recursive tetrahedral bisection,
three types of polyhedra have to be considered as shown in
Figure 6: a triangulated cube, an octahedron, and a diamond.
The cube applies to tetrahedra of levels (l mod 3) = 0, the
octahedron to levels (l mod 3) = 1, and the diamond to levels
(l mod 3) = 2.

Fig. 6. The three types of surrounding polyhedra which arise during
the refinement. Refinement edges are bold-dashed, spoke edges are
light-dashed.

The m vertices of Cpoly are marked with a + sign if the
data value at the vertex is larger than the value at the refinement vertex, and with a − sign if it is smaller. The look-up
table for each type of surrounding polyhedron consists of the
2m possible cases, and contains a bit indicating if the refinement vertex is critical or not. Simplified look-up tables can
be constructed by the identification of all symmetry classes
for the +/− bit-patterns of the different types of polyhedra
and checking for criticality in each of these classes only. Figure 7 shows the resulting 25 classes for the cube. Not shown
is case 1 where all vertices have the same sign which would
lead to a local minimum or maximum which is always critical. The main symmetry classes for the cube are identical to
the marching cubes look-up table [18], but special care has to
be taken to include a few more subclasses. These subclasses
occur because the endpoints of the refinement edge (from the
front-bottom-left corner to the back-top-right corner of the
cube) have different connectivity than the other vertices of
Cpoly . The images in Figure 7 show isosurfaces after refinement, inclusion of xref , for an isovalue of τ = f (xref ).
In general for a refinement edge eref , its refinement vertex xref is critical if two or more components of the isosurface with isovalue of exactly τ = f (xref ) have a non-manifold
point connection at xref . For the cube in Figure 7 this is the
case for the symmetry classes 4b, 5a, 5b, 7b, 8b, 12b, and 13.
In all these cases, changing the isovalue slightly in positive
or negative direction would lead to different connectivities of
the isosurface components, and thus to local changes in the
isosurface topology.
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Fig. 7. Topological classes for the cube. Cases with critical refinement vertices are labeled in bold, all other situations are non- critical.
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In the following section we show how the ±-labeling of
the vertices of Cpoly can efficiently be exploited to compute
the binary segmentation of the piecewise linear ε-neighborhood
around the refinement vertex xref .
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As an example, let us consider the case shown for the
symmetry class 13 in Figure 7, and its edge labeling as shown
in detail in Figure 8. The vertices of the cube are numbered
front to back, bottom to top, left to right. This way, the signs
of the vertices are given by − − + + + + −−.

4.3.2 Automatic Construction of Look-up Tables
-

Manual construction of look-up tables based on the binary
segmentation of the polyhedron surface is of course potentially erroneous since sub-cases may easily be forgotten or
wrongly classified. However, there is an efficient and exact
way to construct look-up tables for an automatic identification of critical points automatically based on the ±-labeling
of the surrounding polyhedron’s vertices.
As described in the previous section, hierarchical critical
refinement vertices can be identified by the binary segmentation of the piecewise linear ε-neighborhood, Cpoly , around
the refinement vertex. Local minima and maxima can easily
be identified by the fact that all vertices of Cpoly have the
same ± label, thus the segmentation of Cpoly results in one
single segment. Other hierarchical critical points correspond
to various saddle point configurations where the isosurface of
isovalue τ = f (xref ) has multiple components that touch each
other at the non-manifold point xref (see also cases 4b, 5a, 5b,
7b, 8b, 12b, and 13 in Figure 7). Such a hierarchical critical
refinement vertex xref is characterized by a binary segmentation of Cpoly that results in k > 2 different segments.
To compute the binary segmentation of Cpoly let us first
define the edge graph Gedge which consists of all vertices and
edges of the triangulated surface of the surrounding polyhedron Cpoly (triangulated cube, octahedron, or diamond) of a
refinement edge. We furthermore label each node in Gedge
with a + or − sign with respect to its isovalue being greater
or smaller than the value f (xref ) at the refinement vertex under consideration. Based on the labeling of Gedge we can determine if xref is critical or not. Basically we can determine
from this graph into how many segments C1 . . . Ck the εneighborhood Cpoly is partitioned. This can be done by computing the number of connected components of the graph
Gedge which consist solely of either + or − labeled nodes.
Therefore, the automatic identification of a hierarchical critical refinement vertex xref consists of the following four steps:
1. construct the edge graph Gedge of the surrounding polyhedron Cpoly of xref ,
2. delete all edges from Gedge between a + and a − node,
3. count the remaining connected components of Gedge ,
4. if the number k of components is 1 or greater than 2, then
the refinement vertex is critical.
If the number of components of the edge graph is k = 1
after Step 3 then the extracted isosurface Sτ =f (xref ) does not
intersect with the the surrounding polyhedron, and the considered point xref represents a local minimum (if all labels are +)
or maximum (if all labels are −), thus it is critical. If the number of components of Gedge is exactly k = 2 after removal
of all ±-edges from Gedge , then the isosurface Sτ =f (xref ) consists only of one connected component going through xref , and
thus xref is not critical. In all other cases, number of connected
edge graph components being greater than 2, multiple isosurface components of Sτ =f (xref ) meet exactly at xref , and thus
xref is critical (it is a saddle point).

+
++

+
+
-

Fig. 8. Edge graph of the cube type of surrounding polyhedron with
example ±-labels indicated at the corners, and dashed edges between corners which have different labes.

For this example cube the steps of the automatic identification of critical points are the following:
1. The complete edge graph Gedge for the cube is given by
the following adjacency matrix:
−
−
+
+
+
+
−
−

−−++++−−
×
××
× ×
××××
×
×
××
××
× × × ×
×××××××

2. All ±-edges shown as dashed edges in Figure 8 are removed from the adjacency table, leaving only:
−−++++−−
−×
− ××
+
×
+
××
+
×
+
××
×
−×
− ×
××

3. To count the number of connected components of the remaining edge graph we compute the transitive hull of this
graph (reachable nodes) expressed by the following reachability matrix:
−
−
+
+
+
+
−
−

−−++++−−
×
××
×
××
×
××
××
×
××
××
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4. The graph consists of 3 connected components: one consisting of all four − nodes, and 2 components each consisting of two + nodes. Since the number of components
is 3 the point xref on the diagonal of the cube (front-bottomleft to back-top-right corners) is critical.
The total running time of the automatic look-up table generation is in the order of O(2m · m2 ) for each type of polyhedron with m nodes in the edge graph. Obviously this computation only has to be performed once as a preprocessing step
for tetrahedral bisection on a regular grid. Furthermore, these
look-up tables could also be stored in files for the three types
of surrounding polyhedra. For recursive tetrahedral bisection
refinement, critical points occur in 68 out of 256 cases for the
cube, in 8 out of 64 cases for the octahedron, and in 400 out
of 1024 cases for the diamond.
Critical points located on boundary of the data set do not
need any special treatment. The existing lookup-tables can be
used if missing vertices (respectively their signs) are mirrored
across the boundary. This way, boundary critical points will
also be classified correctly.
Note that this automatic construction of look-up tables is
not restricted to regular grids, but can be applied to any irregular tetrahedral mesh generated by edge bisection as well.
4.4 Critical Intervals
A straightforward way to incorporate topology preservation
into the multiresolution isosurface extraction algorithm is to
set error indicator values at hierarchical critical points to infinity as proposed in [30]. However, for a particular isosurface of isovalue τ only a subset of all critical points is really
relevant. Thus including all critical points in the isosurface
extraction, neglecting the current isovalue τ , results in extensive refinements of tetrahedra that are not actually required to
preserve the topology of the isosurface. In a multiresolution
isosurface extraction method this solution is not tolerable due
to the goal of minimizing the number of triangles to represent
the isosurface.
Each hierarchical critical point is only critical for a limited range of isovalues, and not critical at all for all other
isovalues. Therefore, every critical point will be assigned a
critical interval. The critical interval is defined as the range
of isovalues for which the isosurface changes topology when
the tetrahedra are refined at the critical point. With this information, the extraction algorithm can selectively refine only at
those critical points whose critical interval contains the current isovalue τ .
The range of isovalues for which a critical point xref is indeed critical is defined by the isovalues of the endpoints of its
refinement edge eref . With respect to the 2D example in Figure 5 one can easily see that xref is only critical for isovalues
4 ≤ τ ≤ 8 (only within this range the isoline changes from
having just one intersection with eref to having two intersections after refining at xref ).
Given the endpoints x1 and x2 of eref , and their isovalues
f (x1 ) and f (x2 ), the critical interval I(xref ) of the refinement
vertex only depends on the ±-labels of x1 and x2 . If both
have + labels, then the critical interval is given by
I(xref ) = [f (xref ), min{f (x1 ), f (x2 )}] .

(5)

If both endpoints x1 and x2 have − labels, their isovalues
f (x1 ) and f (x2 ) are both smaller than f (xref ), then the critical
interval is given by
I(xref ) = [max{f (x1 ), f (x2 )}, f (xref )] .

(6)

Note that refinement edges whose endpoints have different signs never lead to critical points.

4.5 Saturation of Critical Intervals
The critical intervals of refinement vertices are basically used
as additional error indicators in the multiresolution isosurface extraction algorithm. As outlined in Section 3.3, tetrahedra are recursively refined until the geometric error indicator
η(T ) is smaller than the tolerated approximation error ε. To
preserve topology, tetrahedra are additionally recursively subdivided if the isovalue τ of the extracted isosurface is within
the critical interval of the refinement vertex, τ ∈ I(xref ).
Considering the critical interval I(xref ) as an additional
error indicator as outlined above also requires correct saturation to prevent hanging nodes in the tetrahedral refinement,
and cracks in the isosurface as explained in Section 3.3.

4.5.1 Minimal Saturation
In order to avoid missing critical points during the tree traversal, critical intervals I(xref ) have to be saturated similarly to
the geometric error indicator values η(xref ). Each tetrahedron
T is assigned a critical interval I(T ) which is defined as the
critical interval of its refinement vertex I(xref (T )). The critical intervals as defined by Equations 5 and 6 generally do not
satisfy the saturation condition as given for the geometric error indicator in Equation 3. However, in a level-wise bottomup traversal of the tetrahedral bisection hierarchy it is possible to generate a single minimally saturated critical interval
¯ ref ) = [I¯lo , I¯hi ] by interval merging (taking the upper and
I(x
lower bounds of the intervals of the current tetrahedron and
its two children). Similarly to Equation 4 the critical intervals
can be saturated using the following saturation:

I¯hi = max {Ihi (xref ), I¯hi (Cl (T )), I¯hi (Cr (T ))}

(7)

I¯lo = min {Ilo (xref ), I¯lo (Cl (T )), I¯lo (Cr (T ))}

(8)

T ∈T (eref )

T ∈T (eref )

Saturation of the critical interval according to Equations 7
and 8 has the advantage that in addition to the geometric error
indicator η̄ only two more values I¯lo and I¯hi have to be stored
for each refinement vertex.
Using this saturation method, the multiresolution isosurface extraction algorithm subdivides a tetrahedron T recursively if η̄(xref (T )) > ε, or if I¯lo (xref (T )) ≤ τ ≤ I¯hi (xref (T )).
We will refer to this method as the minimally saturated isosurface extraction.
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4.5.2 Optimal Saturation

The adaptive isosurface extraction algorithm subdivides a
tetrahedron T recursively if η̄(xref (T )) > ε, or if

¯ ref ) of vertices
The minimally saturated critical intervals I(x
prevent the isosurface extraction algorithm from missing any
critical points that would be required to preserve the topology for any arbitrary LOD of the isosurface. However, this
method of critical interval saturation does not guarantee that
only the minimal necessary set of critical points is selected.
The example in Figure 9 shows this analogous in the 2D
situation. In this example, the two refinement vertices on the
bottom and right edges of the square are both critical for two
disjunct intervals, I¯a = [1, 3] and I¯b = [4, 7] respectively, and
the other grid points around the square are all non-critical.
The refinement vertex xref itself is not a hierarchical critical
point either since its isovalue f (xref ) = 4 is in between the
isovalues of the endpoints of the refinement edge eref . Nevertheless, minimal saturation according to Equations 7 and
¯ ref ) = [1, 7] at that re8 will result in a critical interval I(x
finement vertex. It is obvious that for some isovalues such as
τ = 4 there are no critical points in Figure 9. However, xref
will be selected by the isosurface extraction algorithm unnec¯ ref ), even in the case where its satuessarily since τ ∈ I(x
rated error indicator η̄(xref ) is smaller than the tolerated error
threshold ε.
2

1

3
eref

f(xref) = 4
I(xref) = [1,7]

3

5

xref

7
Ib = [5,7]

1 Ia = [1,3]

4

¯ ref ) = [min{Ia , Ib }, max{I¯a , I¯b }]
Fig. 9. Minimal saturation I(x
from merging disjunct intervals I¯a and I¯b results in overly conservative critical point selection.

The minimal saturation of critical intervals is overly conservative since it covers multiple disjunct intervals by one
critical interval, thus also including the non-critical isovalue
ranges between disjunct intervals. In our second approach to
saturation of critical intervals, we merge two intervals Ia and
Ib into one only if they are not disjunct Ia ∩ Ib 6= Ø, and
keep an ordered list of disjunct intervals otherwise. Therefore, saturation of critical intervals actually generates ordered
lists of disjunct intervals I = {I1 , I2 , ...Im }. In a level-wise
bottom-up traversal of the tetrahedral hierarchy the optimally
saturated critical interval lists can be computed by

L 
I(xref ) = {I(xref )}
I(Cl (T ))⊕I(Cr (T )) .
(9)
T ∈T (eref )

The operation ⊕ in Equation 9 denotes the merging of two
ordered lists of intervals into one ordered interval list in which
all overlapping intervals are joined to reduce the number m
of intervals in a list. Using this approach, each vertex not only
stores its geometric error indicator η̄ but also a list of critical
intervals I of size m.

∃I ∈ I(xref (T )) with τ ∈ I.

(10)

The test in Equation 10 if the isovalue τ intersects any
interval segment in the ordered list I of critical intervals can
efficiently be implemented using binary search on the ordered
interval list I. We will refer to this method as the optimally
saturated isosurface extraction.

4.6 Experimental Results
4.6.1 Mesh Complexity
In order to show the power of the proposed algorithms to extract triangulated isosurfaces of minimal complexity at arbitrary LODs while preserving the topology of the original full
resolution isosurface let us consider the zero set of the algebraic function
p
1
1
f (x, y, z) = x2 + y 2 − ( x + y − z + 0.01)2
(11)
2
2
defined on [−1, 1]3 , sampled on a uniform grid of size
653 . This function has a strong singularity near the origin as
can be seen in Figure 10. In Table 1 we compare the size of
triangle meshes for the isosurface f (x, y, z) = 0 extracted at
different LODs with various geometric error threshold values
ε (L∞ -norm). The basic multiresolution isosurface extraction
algorithm [30, 9] extracts triangle meshes of low complexity, however, the important isosurface structure of the singularity at the origin gets lost for certain error thresholds. In
contrast, our proposed multiresolution isosurface extraction
techniques preserve the original isosurface topology even at
low triangle counts for arbitrary LODs. Compared to the nontopology preserving approach, the minimally saturated isosurface extraction method achieves competitive mesh simplification rates up to a geometric error threshold of ε = 1/4.
The optimally saturated method performs even much better,
and produces isosurfaces of comparable mesh complexity up
to very large geometric error thresholds such as ε = 1.
As a second example we will consider the geometrically
much more complicated buckyball data set (courtesy of AVS).
Figure 11 shows isosurfaces for several LODs with different
geometric error threshold values, and for an isovalue where
the data set exhibits a very complex topological structure.
Note that our proposed topology preserving isosurface extraction methods perform nearly as well as the non-topology preserving approach for isosurfaces with low topological complexity. The values of ε and the corresponding triangle counts
are listed in Table 2. Without topology preservation, the isosurface does not maintain the correct surface connectivity over
different LODs (third image from the left in top row), or even
completely falls apart (fourth image in top row). With our
topology preserving approaches, however, the original topology is exactly retained. The minimally saturated approach
performs well for small geometric error thresholds up to ε =
0.01, however, cannot reduce the triangle mesh complexity
significantly anymore for larger thresholds. The optimally saturated approach achieves better results, and is able to reduce
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ε
0
1/64
1/16
1/4
1

without topology minimally saturated
preservation

59290
25456
7124
1936
374

optimally saturated

topology preservation topology preservation

59290
25464
7528
3503
3095

59290
25456
7124
2028
808

Table 1. Triangle counts for the algebraic function of Equation 11
for varying geometric error threshold values ε.

ε
0.0
0.01
0.05
0.1

without topology minimally saturated
preservation

395798
153539
29594
12552

optimally saturated

topology preservation topology preservation

395798
163818
110101
109981

395798
156042
55838
52268

Table 2. Triangle counts for the buckyball data set for varying geometric error threshold values ε.

the triangle count for geometric error thresholds as high as
ε = 0.05.
In both minimally and optimally saturated approaches,
however, the amount of geometric simplification is limited
due to the high complexity of the topology that the isosurface exhibits nearly everywhere in space for the buckyball
data set. After a certain LOD, increasing the geometric error
threshold ε will not result in lower triangle counts anymore.
In fact, the lower bound of the triangle mesh complexity will
be reached for a tetrahedral mesh that consists of all (saturated) hierarchically critical points, thus no more simplification is possible without changing the isosurface’s topology.
Due to the improved handling of saturated critical intervals,
the optimally saturated approach exhibits this limiting effect
significantly later, for much higher geometric error thresholds
than the minimally saturated approach.

4.6.2 Performance
In this algorithm, the extraction speed per triangle is almost as
fast as the rendering speed for a triangle on modern graphics
workstations. In [9] a combined extraction and drawing rate
of up to 300.000 triangles per second for a single processor
and up to 800.000 triangles per second for a multiprocessor
machine have been reported. This speed can also be measured
for our topology-preserving version since only one additional
check (namely if the isovalue is contained in the current critical interval) is necessary for each tetrahedron during the tree
traversal. Typical mesh simplification algorithms have lower
simplification rates of at least 2-3 orders of magnitude [25].
Let us also take a look at the memory overhead. In addition to the data the error indicator values, the minmax bounds,
and the critical intervals have to be stored for each refinement
vertex up to the second finest resolution. In some cases, the
minmax bounds can be derived from the error indicator and
therefore don’t need to be stored [10]. However, with conservative quantization all additional information can be stored
with roughly the same memory requirements as the data itself (see [9]).
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The preprocessing step for the computation of this information requires a single level-wise bottom-up traversal of the
whole data set which takes at most a few seconds for the considered examples. If the data set is stored in traversal order,
the necessary computations can even be done during the data
reading phase.

5 Controlled Topology Simplification
As we have seen in the experiments of Section 4, topology
preservation will usually infer a limit on the minimum number of triangles for a particular isosurface mesh. Depending
on the application, it might be desirable to further simplify the
resulting triangle meshes at the expense of controlled topological changes of the isosurface.
While the original – non-topology preserving – multiresolution algorithm simplifies topology naturally, it does so in an
uncontrolled fashion. In principle, it would be possible to employ controlled topology simplifying triangle mesh reduction
schemes such as filtering and resampling [12], or α-hulls [7]
in a postprocessing step of the isosurface extraction. However, these algorithms work in a bottom-up fashion on the
extracted triangle mesh at the highest resolution and would
therefore not meet our real-time performance constraints.

5.1 Choices for Simplification
The topology preserving algorithm described in the previous
section can be transformed into a controlled topology simplifying one. To this end, let us define a simplification weight
w(xref ) on all hierarchical critical points which indicates the
importance of that particular point. The topology simplifying algorithm will then be able to discard those critical points
which are not important, i.e. where w(xref ) < δ with δ being
a user-defined threshold to bound topological changes.
This way, the user has complete control over topology
simplification by the specification of a suitable weight function w on the hierarchical critical points together with a threshold δ. The actual values of the weight w at the hierarchical critical points can be precomputed and saturated together
with the error indicator and the critical intervals.
An appropriate choice for the weight w strongly depends
on the type of application and structure of the data set. Let us
consider a few possibilities for the simplification weight:
– An obvious choice for w would be the size of the critical interval. This requires no extra computational effort
in the presented framework. By a multiplication with the
maximum gradient of all adjacent tetrahedra, one has an
indicator for the amount of topological changes in the isosurface structure introduced by refinement of the tetrahedra surrounding the critical point.
– Another possibility would be the size of the corresponding local isosurface, i.e. the number of tetrahedra the family of isosurfaces within the critical interval would intersect with. This provides a control mechanism over the local geometric complexity.
– One could also choose bounds for the size of critical features, i.e. distance between parts of the isosurface that are
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separated by the critical point. This for example makes
sense in the case of local minima or maxima (decision if
small local minima/maxima features are shown or not),
or for saddle points (i.e. may isosurface components be
merged if sufficiently close together). This allows control
of the geometric separation between surface components,
i.e. disconnected components could be merged and simplified if the distance between them is small enough.
5.2 Example
An extensive comparison of simplification techniques for different applications would certainly exceed the scope of this
paper. Therefore, we will here just consider a simple but characteristic example. Let us look at a typical bio-medical data
set, the famous CT scan of a lobster (courtesy of AVS). In
Figure 12 we see that original isosurface (1089004 triangles)
is very noisy. The topology preserving algorithm can reduce
the number of triangles to 609893, but the noise in the data
set will of course remain. Let us therefore define the weight
function dependent on the size of the critical interval,
w(xref ) := |I(xref )|.
Topology simplification will then reduce these artifacts
nicely and maintain the overall topological structure of the
animal. The simplified isosurfaces provide visually better representations of the data set with only 367271 triangles for
δ = 0.2 and 262357 triangles for δ = 0.7, respectively.
6 Concluding Remarks
We have shown how topology preservation and controlled
topology simplification can be achieved in multiresolution
isosurface extraction on hierarchical tetrahedral meshes generated by recursive bisection. Thereby, we did not focus on
methods working on the isosurface triangle mesh but on the
underlying 3D volume data set itself.
While we mainly considered tetrahedral meshes based on
regular refinement in this paper, our topology considerations
apply to more irregular tetrahedral meshes generated by bisection as well. Refinement methods for tetrahedral mesh generation can thereby consider the most critical points for insertion, whereas decimation methods will consider non-critical
or less-critical points for removal. With appropriate modifications the methodology could be extended to handle other
hierarchical tetrahedral meshes as well although this would
probably require an identification of more cases and look-up
tables.
Finally, the proposed methods may not only be important
by themselves, but can also be used as a fast preprocessor
to other algorithms which rely on a topologically consistent
input mesh.
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Fig. 10. Isosurfaces for the algebraic function of Equation 11 without topology preservation (upper row), with the minimally saturated (middle
row), and with the optimally saturated (lower row) topology preserving approach for varying error tolerances ε of 0, 1/64, 1/16, 1/4, and 1
(from left to right).

Fig. 11. Isosurfaces of the buckyball data set without topology preservation (upper row), with the minimally saturated (middle row), and with
the optimally saturated (lower row) topology preserving approach for varying error tolerances ε of 0.0, 0.01, 0.05, and 0.1 (from left to right).
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Fig. 12. Isosurfaces of the lobster data set: original, topology preserving and controlled topology simplified versions (from left to right).
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