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cien={1,...,n}

* Xi,..., X, are variables

« X; are values in discrete domain Dom(.X;)

« X=(xX1,...,Xn) € Dom(Xj) x --- x Dom(Xy)

« Forany S C [n],

Xs = (Xi)ies € H Dom(X;)
ies

e.g. Xp258 = (Xe,Xs,X) € Dom(Xz2) x Dom(Xs) x Dom(Xg)



Hypergraphs

H = (V, &) is a (multi)hypergraph

» Vs the set of nodes, with one node per variable
» £ is the (multi)set of hyperedges, with each hyperedge S € £ a subset of V

Examples:
«V={1,2,3}

< €={{1,2},{1,3},{2,3}}
The hyperedges could be the edge relation of a graph




Hypergraphs

H = (V, &) is a (multi)hypergraph

» Vs the set of nodes, with one node per variable
» £ is the (multi)set of hyperedges, with each hyperedge S € £ a subset of V

Examples:

«v={1,2,3}

< €={{1,2},{1,3},{2,3}}
The hyperedges could be the edge relation of a graph

. £=1{{1,2,3},{3,4},{4,5}} °

The hyperedges could be: Orders(customer, day, dish),
Dishes(dish, item), Items(item, price)




Functional Aggregate Queries: The Problem

1a( X1, Xa)
Y1a( X1, Xa) FAQ-expression

©(Xs)
P23 (X2, X3) p(xs) = X2, T1,, maxx, ¥1,2,4%2,3%1,3¢1,4

¢124(X1 , X2, X4)




Functional Aggregate Queries: The Input

1a(Xi, Xa)
All factors have the same range D
P13( X1, Xa) FAQ-expression
(Xs)
hoa( Xz, X:
V(X X) #(xs) = 32, I, maxy, ¥1.2.42.8%1.8%1.4
P12a( X, Xe, Xa) n=4
—ABAAADAY |

* nvariables Xi, ..., Xy
+ a multi-hypergraph H = (V, £)
+ Each vertex is a variable: V = [n]
» To each hyperedge S € £ there corresponds a factor ¢g

¢s : [ [ Dom(X)) — D

€S



Functional Aggregate Queries: The Input

Pia(Xi, Xa)
All factors have the same range D
P13(X1, Xs) FAQ-expression
©(Xs)
ValXe X%) w(x) = ZX‘ sz maxy, ¥1,2,492,3¢1,391,4
P12a( X, Xe, Xa) V= {1-2~, 314}
—_—>
&={{1,4},{1,3},{2,3},{1,2,4}}

* nvariables Xi, ..., Xy
+ a multi-hypergraph H = (V, £)
+ Each vertex is a variable: V = [n]
» To each hyperedge S € £ there corresponds a factor ¢g

¢s : [ [ Dom(X)) — D

€S



Functional Aggregate Queries: The Input

Pia(Xi, Xa)
All factors have the same range D
P13(X1, Xs) FAQ-expression
©(Xs)
gl %) (%) = ZX‘ sz maxy, ¥1,2,492,301,391.4
P12a( X, Xo, Xa) V= {1127374}
—_—>
&={{1,4},{1,3},{2,3},{1,2,4}}

* nvariables Xi, ..., Xy
+ a multi-hypergraph H = (V, £)
+ Each vertex is a variable: V = [n]
» To each hyperedge S € £ there corresponds a factor ¢g

¢s : [ [ Dom(X)) — D

€S



Functional Aggregate Queries: The Input

p1a(Xi, Xa)
All factors have the same range D
Pi3(Xi, Xs) FAQ-expression
(Xs)
= (C120) (%) = ZX‘ sz maxy, ¥1,2,492,301,391.4
P124(Xi, Xo, Xa) V= {1'2v314}
—_— >
&={{1,4},{1,3},{2,8},{1,2,4}}

* nvariables Xi, ..., Xy
+ a multi-hypergraph H = (V, £)
+ Each vertex is a variable: V = [n]
» To each hyperedge S € £ there corresponds a factor ¢g

¢s : [ [ Dom(X)) — D

€S



Functional Aggregate Queries: The Input

Yia(Xi, Xa)
All factors have the same range D
P13(X1, Xs) FAQ-expression
@(Xs)
Voo %) w(xa) = ZX‘ 1_[,(2 maxy, ¥1,2,492,3U1,311,4
P124( X, Xo, Xa) V= {1-27314}
—_—>
&= {{114}a{1v3}1{273}1{1a2:4}}

* nvariables Xi, ..., Xy
+ a multi-hypergraph H = (V, £)
+ Each vertex is a variable: V = [n]
» To each hyperedge S € £ there corresponds a factor 1g
¥s : [ [ Dom(X)) — D
i€s
R, {true, false}, {0, 1}, 24, etc.



Functional Aggregate Queries: The Input

All factors have the same range D

Yia(Xi, Xa)
P1a(Xi, Xa) FAQ-expression
(Xs)
boa( Xz, X:
aa(Xe, Xs) #(x3) = 32, TI,, maxe, 124923913914
F={3}

P124( X, Xo, Xa)

* nvariables Xi, ..., Xy
+ a multi-hypergraph H = (V, £)

+ Each vertex is a variable: V = [n]
» To each hyperedge S € £ there corresponds a factor 1g

s : [ [ Dom(X)) — D
ies
R, {true, false}, {0, 1}, 24, etc.

« aset F CV of free variables; w.l.o.g., F = [f] = {1,...,f}



Functional Aggregate Queries: The Output

1a(Xr, Xa)

All functions have the same range D
W1a(X1, Xa) FAQ-expression

Yas(Xe, X
(%, X) o(xs) = 32, T, maxy Y1 2402815914

P124( X, Xz, Xa)

« Compute the function ¢ : [ ], Dom(X;) — D.



Functional Aggregate Queries: The Output

1a(Xr, Xa)

All functions have the same range D
W1a(X1, Xa) FAQ-expression

23 ( Xz, Xa .
(%, X) p(xs) = 3y, T, maxe, ¥1.2492,391.391.4

V124( X1, X2, Xa)

« Compute the function ¢ : [],. Dom(X;) — D.

ieF

* ¢ defined by the FAQ-expression

(f+1) (n—1)

(n)
(X)) = b - b P R usixs)

X1 €Dom( Xz 1) Xp—1€Dom(X,—_1) xpn€Dom(X,) SEE



Functional Aggregate Queries: The Output

1a(Xr, Xa)
All functions have the same range D
Y1a(X1, Xa) FAQ-expression
#(Xs)
Ve (X, Xo) o(xs) = 32, T, maxy Y1 2402815414
r24(X1, Xe, Xa)
+ Compute the function ¢ : [],.- Dom(X;) — D.
»  defined by the FAQ-expression
(f+1) (n—1) (n)

ex)= @ - P B R us(xs)

Xi+1€Dom( Xz 1) Xp—1€Dom(X,_1) xp€Dom(Xp) SEE

- For each @



Functional Aggregate Queries: The Output

1a(Xr, Xa)
All functions have the same range D
Y1a(X1, Xa) FAQ-expression
#(Xs)
Ve (X, Xo) o(xs) = 32, T, maxy Y1 2402815414
r24(X1, Xe, Xa)
+ Compute the function ¢ : [],.- Dom(X;) — D.
»  defined by the FAQ-expression
(f+1) (n—1) (n)

ex)= @ - P B R us(xs)

Xi+1€Dom( Xz 1) Xp—1€Dom(X,_1) xp€Dom(Xp) SEE
« For each @

« Either (DA @“)A X,0, 1) is a commutative semiring



Functional Aggregate Queries: The Output

1a(Xr, Xa)
All functions have the same range D
Y1a(X1, Xa) FAQ-expression
©(Xa)
Ve (X, Xo) o(xs) = 32, T, maxy Y1 2402815414
r24(X1, Xe, Xa)
+ Compute the function ¢ : [],.- Dom(X;) — D.
»  defined by the FAQ-expression
(+1) (n—1)

ex)= @ - P @ ) vs(xs)

Xi+1€Dom( Xz 1) Xp—1€Dom(X,_1) xp€Dom(Xp) SEE
« For each @

+ Either ( @ ,X,0 1) is a commutative semiring

e Or @U) - ®



Functional Aggregate Queries: Putting it Together

An FAQ expression has the form

(f+1) (n)
v = D D Quslxs)
Xpy1€Dom(Xzy1) xp€Dom(Xy) SEE
where
* Xi,...,Xn are variables with domains Dom(X), . .., Dom(X,)
* Xi,..., X are the free variables, X¢;1, ..., Xn are the bound variables

« H = (V, &) is a multi-hypergraph, where
« V = [n] is the index set of variables

+ £ is a set of subsets S of V

» Each s is an input function or factor over variables with index set S € £
* s maps tuples over S to elements in a finite set D

« Semirings (D, (), ®,0, 1) have the same support D



Expressing Problems in FAQ



PATH: Example

Edge relation E Vertices V

Graph
start end | weight Node

W B A

B 'BD D A Wag

Wy Wor A c Wac
B D Wap Cc
ReC KED B ¢ Wee D
© E Wee E

Wac 7

c—=—E E D Weo F

D F WpF



PATH: Example

Edge relation E Vertices V

Graph
Node

Wap A

B D
Waj Wpr B
C
Wec Wep D
Wac 3
M . -

« The factor 1) maps each edge (x;, x;) € E to wj

» FAQ expresses graph traversal from 1 hop to 5 hops (length of longest path)

(A, F) & <EB ¢(A,X1)®w(X1,F)> & < b w(AA,xn®w(X1,X2)®w(x2,F))

x eV X{,Xp €V

® < B v(Ax) @90, x) @ Y(e, x) @ P(x, F))

X{,Xp,X3 €V

® ( B YA x)© v, x) @Y, x) © Y(x,x) © Y, F))

Xq ,x2,xs,X4EV



PATH: Algebraic Path Problems

’ Compute path problem over vertices V and weighted edge relation E ‘

FAQ encoding over the semiring (D, &, ®,0,1):

() = ( P ¢12(X17X2)> @ // 1 hop

i€2l:x;eVv

( P w12(X1,X2)®1/123(X27X3)>EB---@ // 2 hops

ie[3]:x;eV

( P vl %)@ ®nnp1(Xn, Xn+1)> //'n hops

ielnH1]:xeVv

iiv1(Xi, Xir1) maps each edge (x;, Xi+1) € E to a semiring-dependent weight

» min-sum over reals for shortest distance

« max-min over {0, 1} for connectivity and over reals for largest capacity
« max-product over [0, 1] for maximum reliability

» concatenate-union over strings for language accepted by automaton



SAT: Example

(Ren V Gen V Ben)

A
(ﬂRCH V —|GCH) A (—|RCH Vv —|BCH) AN
(=Gcr V =Bcr)

A
(=RerH V ~Roe) A (—Gon V —Gpe) A
(—BcH V —Bpe)

“Switzerland has at least one colour.”

“Switzerland has at most one colour.”

“Switzerland and Germany have dif-
ferent colours.”



SAT: Example

(Ren V Gen V Ben) “Switzerland has at least one colour.”

A
(=Ron V =Gon) A (—Rcn V —~Ber) A
(=Gen V —Bcn)

A
(=Ren V =Rpe) A (—Gen V —Gpe) A “Switzerland and Germany have dif-
(—BcH V —Bpe) ferent colours.”

“Switzerland has at most one colour.”




SAT: Example

(Ren V Gen V Ben) “Switzerland has at least one colour.”

A
(=Ron V =Gon) A (—Rcn V —~Ber) A

“Switzerland has at most one colour.”
(=Gen V —Bcn)

A
(=Ren V =Rpe) A (—Gen V —Gpe) A “Switzerland and Germany have dif-

(—BcH V —Bpe) ferent colours.”

There is a factor encoding each clause.
ren is @ value of Rey (true or false).

\/ YRew,GersBon (Fehs Gohs Ben) A

Tch»9ch>beh
"de9debde

YRgBow (Fehs ben) A ¥agyy,Boy (Ions ben) A rgyy, oy (fens Gon) A

Yhgy,Rpe (Fehs Tde) A Yagyy,Gpe (Gehs Gde) A Pegyy,Bpg (Bons be) A



SAT: Satisfiability

’ Check satisfiability of CNF formula A\

ie[m]

¢i with hypergraph H ‘

FAQ encoding over the Boolean semiring ({true, false}, v, A, false, true):
() =\/ N\ ¥s(xs)
x Seg
where ¢ has the same hypergraph H = (V, £) as the CNF formula
« V = [n] is the set of indices of variables Xi, ..., X, in the CNF formula
» Each clause c; over variables with indices in S defines a factor ¢s
« For variable assignment xs, 1 s(Xg) returns the truth of ¢;

* Naive O(2|S‘) representation of g is the truth table of ¢; over the variables in S

« Alternative O(|S|) representation is just the clause



#SAT: Counting the Number of Satisfying Assignments

Count the satisfying assignments of CNF formula /\,E[m] ¢ with hypergraph H

FAQ encoding over the sum-product semiring (N, +, *, 0, 1):

o() = [ ¢sxs)
X Se&

where & has the same hypergraph H = (V, £) as the CNF formula

« V = [n] is the set of indices of variables Xi, ..., X, in the CNF formula

» Each clause c; over variables with indices in S defines a factor s

ps(xs) =

1 if xg satisfies ¢;
0 otherwise.



3-Colorability: A Different Approach

Recall again the 3-colorability problem instance.
We use the map graph as the hypergraph of the problem:
« V={CH,DE,FR,IT,AT, LI, ...}
« £ ={(CH,DE),(CH, FR),(CH,IT),(CH, AT),(CH, LI),...}

For each edge (u, v) there is a factor ¥ (c1, c2) = (¢1 # ¢2)

» Each variable can take value 1,2, or 3 representing one of the three colours

« For a pair of colours (c¢1, ¢2) for nodes (u, v), ¥y is true if ¢ # ¢

The FAQ is (the part for CH):

d() = \/ e,pe(Ceh, Cde) A Wer,Fr(Coh, Cir) A Wer,im(Cen, Cit)A

CchCde > Cfr >
Cit»Cat >Cli s+ -«

eH,at(Ceh, Cat) A Yen,Li(Con, Ci) A - ..



k-Colorability

] Check k-colorability for a graph G = (V, E) \

FAQ encoding over the Boolean semiring ({true, false}, v, A, false, true):

o()=\/ /\ vuw(x,x), where

X (u,v)EE
« Every edge (u, v) € E defines a factor ¢u,(c1, c2) = (c1 # Cc2)
« Every node v € V defines a variable X, with domain Dom(X,) = []

« & has the hypergraph with vertices V = {X,|v € V} and edges £ = E



DB: Example (1/4)

We map our previous DB example with customers ordering dishes to FAQ:

<
' Orders(customer, day, dish)
P123(X1,X2,X3)
° Dishes(dish, item)

b34(x3,%)

Items (item, price)

a5 (X4,X5)

The FAQ over the union-intersection semiring to capture the join:

d() = U 123(X1, Xz, X3) N 13a(Xa, Xa) N a5 (Xa, X5)

X1,X2,X3,X4 ,X5
$ maps the empty tuple to the join result.
In SQL, this join is expressed as follows:

SELECT * FROM Orders NATURAL JOIN Dishes NATURAL JOIN Items



DB: Example (2/4)

N
' Orders(customer, day, dish)
P123(X1,X2,X3)
° Dishes(dish, item)

34(X3,%s)

Items (item, price)

a5 (X4, X5)
The FAQ over the Boolean semiring to capture the Boolean conjunctive query:
d() = \/ 123(X1, X2, X3) A V34(X3, Xa) A as(Xa, Xs)
X1,X2,X3,X4,X5

In SQL, this is expressed as follows:

SELECT true FROM Orders NATURAL JOIN Dishes NATURAL JOIN Items



DB: Example (3/4)

N
' Orders(customer, day, dish)
P123(X1,X2,X3)
° Dishes(dish, item)

34(X3,%s)

Items (item, price)

a5 (x4,%5)

FAQ over the sum-product semiring to express a COUNT query:

d(x1) = Z 123(X1, X2, X3) - 134 (X, Xa) - a5 (Xa, X5)

X2,X3,X4,X5
Each factor maps tuples from corresponding relation to 1.
In SQL, this FAQ is expressed as follows:

SELECT customer, COUNT (%)
FROM Orders NATURAL JOIN Dishes NATURAL JOIN Items
GROUP BY customer



DB: Example (4/4)

More interesting aggregates captured by appropriately defining the factors
Query: Total price per customer and day

In FAQ:

* Let 145 map (X, Xs) to xs (price), all other factors map tuples to 1

b(x1, %) = Z P123(X1, X2, X3) + 34(Xs, Xa) - Yas(Xa, X5)

X3,X4,X5

In SQL:

SELECT customer, day, SUM(price)
FROM Orders NATURAL JOIN Dishes NATURAL JOIN Items
GROUP BY customer, day



BCQ: Boolean Conjunctive Queries

’ Compute the Boolean query  3Xi ... 3X, 1 Agcyoms A(vars(R)) ‘

+ atoms is the set of relation symbols in the query, e.g., Dishes(dish, item)

« Each relation symbol R € atoms has variables (attributes) vars(R)

FAQ encoding over the Boolean semiring ({true, false}, v, A, false, true):

o() =\ N vs(xs)

X Se&
+ & has the hypergraph (V, &)
* V = Urcatoms(e) Vars(R) and & = {vars(R) | A € atoms(®)}

» For S € & corresponding to relation R, there is a factor ¢s such that

’(/}s(Xs) = (Xs S R)



Join: Natural Join Queries

’ Compute the natural join query X geatoms Fﬁ"

FAQ encoding over the set semiring (24, U, N, 0, U):

o() = J [ vs(xs)

x Se&

+ & has the hypergraph (V, £) and maps the empty tuple to the join result

n
« U = [[Dom(X;) is the set of all possible tuples
i=1

=

« 24 is the powerset of U, i.e., the set of all possible subsets of I/
» Vs the set of variables (attributes) in the atoms of the join query
» For S € & corresponding to relation R, there is a factor s such that

{t|jrs(t) =xs} ifxs€R

Yslxs) = if xs ¢ R
S



MCM: Matrix Chain Multiplication

Compute the matrix product A = A; - - - Ay, where Vi € [n] : A; € RP*Pitt

FAQ encoding over the real sum-product semiring (R, +, *,0, 1):
D(X1, Xni1) = Z S0 Z H Vi1 (Xiy Xig1)-
X€Dom(Xz)  xp€Dom(Xp) i€]n]
« We use n+ 1 variables Xi, . .., Xp+1 with domains Dom(X;) = [pi]
» Each matrix A; can be viewed as a function of two variables:
Piivr : Dom(X;) x Dom(Xiz1) = R, where i iy1(Xi, Xit1) = (Ai)xxiis

One variable is the row index, the other variable is the column index



PGM: Example

AlP(A) S|P(S)
T| .01 T 4
F| .99 F 6

AT|P(T|A) S B|P(B|S) SL|P(LIS

=

© =

TT .05 TT .6 TT
| Visit to Asia l I Smoking I TF 95 TF 4 TF

Patient Information FT 01 FT 3 FT .01

v FF .99 FF 7 FF .99
I Tuberculosis I Lung Cancer Bronchitis TLO P(O‘ T, L) OBD P(D‘ O,B

)
Disecases TTT 1 TTT 9
N TTF 0 TTF 1
Tuberculosis
or Cancer | TFT 1 TFT 7
TFF 0 TFF 3
FTT 1 FTT 8
) . FTF 0 FTF 2
Diagnostic Tests
FFT 0 FFT 1
Network represents a knowledge structure that models the relationship between diseases,
their causes and effects, patient information and diagnostic tests FFF 1 FFF 9
0 X|P(x|0)
TT .98 !
Variable O:
TF .02 )
———— Tuberculosis or Cancer
FT .05
FF .95




PGM: Example

Hypergraph: one node per random variable and one hyperedge per conditional

probability table

| Visit to Asia l I Smoking I

Patient Information

I Tuberculosis l I Lung Cancer I I Bronchitis l

Diseases
Tuberculosis
or Cancer
XRay Result
Diagnostic Tests

Network represents a knowledge structure that models the relationship between diseases,
their causes and effects, patient information and diagnostic tests

One factor s for each conditional probability table over variables S
» Maps tuple xs of values of variables S to the associated probability

* Factors: Y4, Y¥a,1, Vs, ¥s,1, ¥s,8, ¥1.1,0, Y0,x, Y0,8,0



PGM: Example

The original joint probability distribution

P(A,T,S,L,B,0,X,D) = P(A) - P(T|A) - P(S) - P(L|S) - P(B|S) - P(O|T,L) - P(X|O) - P(D|O, B)



PGM: Example

The original joint probability distribution and the corresponding FAQ encoding
P(A,T,S,L,B,0,X,D) = P(A)- P(T|A)- P(S) - P(L|S)- P(B|S) - P(O|T, L) - P(X|0)- P(D|O, B)
N—— ———— N S N N N e e N——

> Ya Va1 Ys Ys,L Ys.B YT1.L,0 Yo, x %0,8,0



PGM: Example

The original joint probability distribution and the corresponding FAQ encoding
P(A,T,S,L,B,0,X,D) = P(A)- P(T|A)- P(S) - P(L|S)- P(B|S) - P(O|T, L) - P(X|0)- P(D|O, B)
N—— ———— N S N N N e e N——

® ba VA, T s Ys,L vs,B ¥1.L,0 Yo,x Y0,8,0

Marginal Distribution P(A, B, D) using the sum-product semiring:

o(a b,d) = Y va(@)-var(at)-vs(s) - vs.i(s, ) - ¥sa(s, b)-

t,s,1,0,x

ro(t, 1, 0) - vox(0,x) - o,sp(0,b,d)

Maximum A-Posteriori P(A, B, D) using the max-product semiring:

®(a,b,d) = max pa(a) - ar(at) - ¥s(s) - vs.(s.]) - bs.s(s, b)-

¥7.1,0(t,1,0) - to,x(0, X) - Yo,8,0(0, b, d)



MAP-PGM: Maximum A-Posteriori in Probabilistic Graphical Models

Compute the MAP estimate over variables Xi, ..., Xt ‘

FAQ encoding over the max-product semiring ([0, co), max, *, 0, 1)

D(x1,...,X) = e X
Croeesd) =, ) By 1L ¥slxs)
where (V, £) is the hypergraph of the (undirected) probabilistic graphical model

« V = [n]: indices of n discrete random variables Xi, ..., X,

« There is a factor 15 : [[,.s Dom(X;) — [0, c0) for each edge S € &

i€S



MD-PGM: Marginal Distribution in Probabilistic Graphical Models

Compute the marginal distribution of the set of variables Xi, ..., Xt

FAQ encoding over the sum-product semiring (R, +, *,0, 1)
¢(X1,...,Xf): Z Z st(Xs)
X¢+1€Dom(Xpp1) Xp€Dom(X,) SEE
where (V, £) is the hypergraph of the (undirected) probabilistic graphical model

« V = [n]: indices of n discrete random variables Xi, ..., X,

 There is a factor ¢s : [[,.s Dom(X;) — R, for each edge S € £

i€S

For conditional distributions P(Xa | Xg = X&), we set Xz to Xz.



Sample of Problems Expressible in FAQ



Boolean Semiring

({true, false}, v, A, false, true)

» Constraint satisfaction problems (CSP) [FAQ]
» Boolean conjunctive query evaluation (BCQ) [FAQ]
» Conjunctive query evaluation (CQ)* [FAQ]
 Join evaluation [FAQ]
« Satisfiability (SAT) [FAQ]
« k-colorability [FAQ]
« List recovery problem (coding theory) [FAQ]

(*) also expressible using the set semiring



Set and Natural Sum-Product Semirings

@, u,n,0,U)
» Conjunctive query evaluation (CQ)* [FAQ]
 Join evaluation [FAQ]
(N, +,%,0,1)
» Complex network analysis [FAQ]
» Count constraint satisfaction problems (#CSP) [FAQ]
+ Count satisfiability (##SAT) [FAQ]

(*) also expressible using the Boolean semiring



Real Sum-Product Semiring

(R, +,%,0,1)
» Permanent [FAQ]
« Discrete Fourier transform [FAQ,AjiMcEI]
» Hadamard transform [AjiMcEI]
« Inference in probabilistic graphical models [FAQ]
» Probability propagation in Al [AjiMcEI
+ Matrix chain multiplication [FAQ,AjiMcEl]
+ Graph homomorphism [FAQ]
» BCJR decoding (Bahl, Cocke, Jelinek, Raviv) [AjiMcEI]

Holant problem [FAQ]



Max-Product and Min-Sum Semirings

([0, 00), max, *,0,1)

» MAP queries in probabilistic graphical models [FAQ]
 Quantified conjunctive query evaluation (QCQ)* [FAQ]

((—o00, o], min, +, 00, 0)

 Gallager-Tanner-Wiberg decoding [AjiMcEI]
« Viterbi decoding [AjiMcEI]
« Trellis path problem [AjiMcEI
» Graph optimization [KohIWils]
* Queuing systems [KohIWils]
» Discrete event systems [KohIWils]
+ Optimization for weighted CSPs [KohIWils]

(*) also expressible using the max-product, min-product semirings



Problems Expressible With Two Semirings

([0, >0), max, *, 0, 1), ((0, o], min, *, 0o, 1)

 Quantified conjunctive query evaluation (QCQ)* [FAQ]

(N, max, *,0,1), (N, +,,0,1)

» Count conjunctive query evaluation (#CQ) [FAQ]

» Count quantified conjunctive query evaluation (#QCQ) [FAQ]

(*) also expressible using the max-product semiring



