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Abstract

Many economic problems require finding an efficient combinatorial assignment of multiple in-
divisible items to multiple agents. Popular examples include combinatorial auctions (CAS),
where a set of heterogeneous items is allocated among a set of bidders, and combinatorial course

allocation, where course seats are allocated among students at universities.

What all of these domains have in common is that the agents can report their values on bundles
(sometimes also called packages) of items rather than only on individual items. This allows them
to express more complex preferences, i.e., an agent’s value of a bundle is not simply the sum of
each individual item’s value, but it can be more (complementarity) or less (substitutability). A
mechanism that allows agents to report values for bundles rather than just for individual items
can achieve significantly higher efficiency. However, since the bundle space grows exponentially
in the number of items, agents cannot report values for all bundles, even in domains with a
modest number of items. Therefore, the key challenge in combinatorial assignment is the design
of a preference elicitation algorithm that is (i) practically feasible with respect to elicitation
costs and (ii) smart, i.e., it should elicit the information that is “most useful” for achieving high
efficiency. In this thesis, I study how to design such smart and practically feasible preference
elicitation algorithms using various machine learning (ML) algorithms.

In Research Question 1, I study how to use neural networks (NNs) and Fourier transforms
(FTs) for set functions to enhance existing value query-based preference elicitation algorithms
in combinatorial auctions (CAs). NNs enable the auctioneer to learn more complex bidder
preferences than prior approaches; via FTs an auctioneer can leverage Fourier sparsity of bidders’
preferences to reduce dimensionality and facilitate the learning task. Based on that, I introduce
two novel value query-based ML-powered iterative CA mechanisms (NN-ICA and Hybrid-ICA)
and experimentally show that they achieve state-of-the-art efficiency.

In Research Question 2, I study how to quantify posterior model uncertainty (i.e., epistemic
uncertainty) for NNs in regression. Specifically, I propose neural optimization-based model un-
certainty (NOMU). In contrast to a fully Bayesian approach, NOMU directly estimates posterior
model uncertainty (without explicitly defining a prior) by enforcing five important desiderata
that any method should satisfy. I experimentally show that NOMU works particularly well in
settings with zero or small data noise and scarce training data. This and the fact that NOMU’s
posterior model uncertainty estimate can be represented by a single NN in contrast to ensem-
ble methods, makes NOMU particularly well suited for preference elicitation in combinatorial
assignment.

In Research Question 3, I frame the design of an iterative combinatorial assignment mechanism
as a combinatorial Bayesian optimization (BO) task with an expensive-to-evaluate function. In
classic BO a well-suited domain-specific prior and an acquisition function based on a notion
of uncertainty are key. To address the domain-specific prior, I propose a new class of NNs:
monotone-value neural networks (MVNNSs). MVNNs are specifically designed to model mono-
tone combinatorial value functions. I experimentally show that incorporating this important
prior knowledge leads to better generalization performance, specifically in settings with few
training data points. Regarding a notion of uncertainty over agents’ preferences, I combine
NOMU and MVNNSs to define a new method for estimating an upper uncertainty bound (uUUB)



that can then be used to define an acquisition function to determine the next query. This re-
sults in the design of a value query-based Bayesian optimization-based combinatorial assignment
(BOCA) mechanism that uses MVNNs as domain-specific prior and makes use of NOMU’s pos-
terior model uncertainty in its query generation module. I experimentally evaluate BOCA and
show that not only exploiting but also properly exploring the bundle space during the preference
elicitation phase indeed leads to allocations with higher efficiency.

In Research Question 4, I study the course allocation problem, an instance of combinatorial
assignment where monetary transfers are not permitted. I introduce a machine learning-powered
course allocation mechanism. Concretely, I extend the state-of-the-art Course Match mecha-
nism with an MVNN-based preference elicitation algorithm. I call the proposed mechanism ma-
chine learning-powered course match (MLCM). MLCM generates in an iterative, asynchronous
manner, pairwise comparison queries that are tailored to each individual student. I perform
computational experiments using a simulator for students’ preferences that was fitted to real-
world data. I find that, compared to Course Match, MLCM is able to significantly increase
both average and minimum student utility, even with only ten additional pairwise comparison

queries.
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1 Introduction 1!

In recent years, arti cial intelligence (Al) and machine learning (ML) in particular have found
widespread application in many real-world market mechanisms (with and without money). This
ranges from the development of sophisticated ML-based recommender systems on popular plat-
forms like TikTok, Instagram, Netix, to the use of natural language processing to predict a
seller's quality on eBay (Masterov et al., 2015), to ML-based optimal reserve prices in Google's
Ad auctions (Milgrom and Tadelis, 2019), or to optimal refugee resettlement matching mecha-
nisms via gradient boosting regression trees (Bansak et al., 2018). In all these examples, ML
has helped greatly todesign a better marketplacee.g., by improving customers' experiences, by
facilitating trades, by increasing a seller's revenue or by achieving better societal outcomes.

In my thesis, | focus on combinatorial assignment Many important economic problems in-
volve the combinatorial assignment of multiple indivisible items to multiple agents. In domains
with money, prominent examples include combinatorial auctions (CAs) and combinatorial ex-
changes (CEs) In CAs, heterogeneous items are allocated amongst a set of bidders, e.g., for the
sale of spectrum licenses (Cramton, 2013). In CEs, a set of items is allocated between multiple
agents who can be sellerand buyers at the same time, e.g., for the reallocation of catch shares
(Bichler et al., 2019). In domains without money, a popular example iscombinatorial course
allocation, where course seats are allocated to students in business schools (Budish, 2011).

What all of these domains have in common is that the agents can report their values on
bundlesof items rather than only on individual items. This allows them to express more complex
preferences, i.e., their value for a bundle is not just the sum of each individual item's value, but
it can be more (complementarity) or less (substitutability). A mechanism that allows agents to
report values for bundles rather than just for individual items can achieve signi cantly higher
e ciency. However, this also implies that agents' preferences are exponentially-sized (i.e., for
m items there are 2" di erent bundles), and thus agents cannot report values for all bundles,
even in settings with a modest number of items. Therefore, the key challenge in combinatorial
assignment is the design of greference elicitation algorithm that is (i) practically feasible with
respect to elicitation costs and (i) smart, i.e., it should elicit the information that is \most
useful" for achieving high e ciency.

In my thesis, | study how to use ML for the design of preference elicitation algorithms in
combinatorial assignment. On a high level, theML-based preference elicitation algorithms |
consider in my thesis proceed iteratively in rounds and involve the following two key steps:
First, to use ML algorithms to learn agents' preferences (including some notion of uncertainty)
from observed data points; second, to use those trained ML models to generate smart and
informative queries for the agents (I focus orvalue queriesi.e., \How much do you value bundle

1Some parts of this chapter are adapted from my own prior work (Weissteiner and Seuken, 2020; Heiss et al.,
2022; Weissteiner et al., 2022b,a, 2023; Soumalias et al., 2023)
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A" and pairwise comparison queries i.e., \Do you prefer bundle A or B?"). Speci cally, for
the second step, a key requirement is to e ciently solve the resulting ML-based combinatorial
optimization problem. For example, in combinatorial auctions, a key step is to solve ML-based
winner determination problems (WDPs), i.e., nding allocations that maximize the predicted
social welfare with respect to the trained ML models. In combinatorial course allocation, a key
step is to determine for each student a feasible course schedule that maximizes the predicted
utility with respect to the student's trained ML model.

1.1 Background, Problem Statements and Research Questions

In this section, | frame the four main research questions for my thesis. Each of those will address
the overarching question:

How to design better market mechanisms by integrating advanced ML methods?

Machine Learning-based Combinatorial Auctions

First, | study the design of ML-based combinatorial auction (CA) mechanisms, that aim for
approximately e cient allocations , i.e., allocations of items to bidders such that the total sum
of bidders' values, i.e.,the social welfare is approximately maximized.

For general value functions, Nisan and Segal (2006) have shown that to guarantee full e -
ciency in CAs, exponential communication in the number of items is needed. Thus, practical
CA designs cannot provide e ciency guarantees in large domains. Instead, recent proposals
have focused oniterative combinatorial auctions (ICAs), where the auctioneer interacts with
bidders over multiple rounds, eliciting a limited amount of information, aiming to nd a highly
e cient allocation. Prior work by Brero et al. (2018, 2021), proposed the rst ML-powered
ICA. At the core of their design is an ML-powered preference elicitation algorithm As part
of their algorithm, they used kernelized support vector regressions (SVRS) to learn the highly
nonlinear value functions of bidders. Recently, Brero et al. (2021) showed that their ML-based
ICA achieves even higher e ciency than the state-of-the-art non-ML-based combinatorial clock
auction, which is a widely-used CA mechanism that has already generated more tha#20 billion
in total revenue over the past years (Ausubel and Baranov, 2017). However, because of runtime
complexity issues, Brero et al. (2018, 2021) focused on SVRs with less expressive linear and
quadratic kernels. Note that a quadratic kernel, while more expressive than a linear kernel, can
still at most model two-way interactions between the items. This leaves room for improvement,
since bidders' value functions can have more complex structures than can be captured by linear
or quadratic kernels and brings me to my rst research question:

Research Question 1 How can we enhance ML-based preference elicitation in CAs and address
the limitations of prior work?
Quantifying Model Uncertainty for Neural Networks

Before, | motivate my next research question, | rst brie y review the de nition of model uncer-
tainty (a.k.a. epistemic uncertainty) and data noise (a.k.a. aleatoric uncertainty) (see (Heiss
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et al., 2022, Section 2) for more details).

Remark 1 (Model Uncerainty versus Aleatoric Uncertainty) Let X R%Y R
denote some input and output space and ldt: X ! Y denote the unknown ground truth func-

the data generating procesy = f (x)+ "; where"jx N (0; 2(x)). Let , refer to the data noise
(aleatoric uncertainty) . | follow the classic Bayesian uncertainty framework by modelling the
unknown ground truth function f as a random variable. Hence, with a slight abuse of notation, |
use the symbof to denote both the unknown ground truth function as well as the corresponding
random variable. Given a prior distribution for f, known data noise p, and training data points
D"  the posterior of f andy are well de ned. The model uncertainty (epistemic uncertainty)

f (x) is the posterior standard deviation of f (x), i.e., (x) := = V[f(x)jD®" ;x]; x 2 X:
Assuming independence betweeh and ", the variance of the predictive distribution of y can
be decomposed a¥[yjD"™" ;x] = fz(x) + 2(x). Intuitively, model uncertainty describes the
uncertainty that arises from a lack of observed training data points while aleatoric uncertainty
describes the irreducible uncertainty in the environment, which, in contrast to model uncertainty,
cannot be reduced by observing more training data points.

In my thesis, | mainly focus on neural networks (NNs) as the ML algorithm in the design of
ML-based preference elicitation mechanisms. NNs are nowadays part of many state-of-the-art
systems across di erent ML disciplines (LeCun et al., 2015). This trend has also propagated
to the design of market mechanisms, where NNs are becoming an increasingly important tool,
e.g., in auction design (Dutting et al., 2019; Weissteiner and Seuken, 2020; Rahme et al., 2020;
Weissteiner et al., 2022b), in the design of combinatorial assignment mechanisms (Weissteiner
et al., 2022a, 2023), or in the design of course allocation mechanisms (Soumalias et al., 2023).
However, the increased popularity also demands for methods to quantify the posteriomodel
uncertainty (i.e., epistemic uncertainty) of such employed NNs.

More concretely, in this section, | consider NNsN;: X ! Y for learning the ground truth
function f from D" | i.e., to obtain an estimate f(x) for E[f (x)jD"*" ;x], and | am further
interested to also obtain an estimate % (x) ¢ (x) via techniques that are based on NNs.

In applications such as autonomous driving or automated passport control, overcon dent
predictions can even be dangerous (Amodei et al., 2016). Furthermore, good estimates of poste-
rior model uncertainty are important for the design of smart preference elicitation mechanisms,
where exploration is steered by (functions of) these posterior model uncertainty estimates.

Speci cally, in combinatorial assignment it is often important to quantify posterior model
uncertainty in scarce and small data noise settings.

Remark 2 (Scarcity)  Scarcity comes from the fact that in the combinatorial assignment
settings | consider in this thesis, i.e., combinatorial auctions and combinatorial course allocation,
agents typically can only report their value for a small humber of bundles relative to the full
exponential bundle space.

Remark 3 (Small Data Noise) Small data noise relative to overall uncertainty can be jus-
tied as follows: First, it is important to note that in all combinatorial assignment domains
| consider, one is only interested in posterior model uncertainty (of the true value function)
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and not in posterior predictive uncertainty (uncertainty with respect to the response variable),
i.e., for a data generating processy; = v(xj)+ "(xj) with () representing the heteroskedastic
data noise term, one only tries to capture the uncertainty corresponding to an agent's true value
function v, since the goal is to maximize expressions based on the true agents' values. How-
ever, the posterior model uncertainty ofv entails the following two sources of uncertainty: (i)
non-data-noise-induced posterior model uncertaintyand (ii) data-noise-induced posterior model
uncertainty .

In general, in scarce settings, typically non-data-noise-induced posterior model uncertainty
for not yet elicited bundles dominates the corresponding data-noise-induced posterior model un-
certainty, i.e., out-of-sample uncertainty is larger than in-sample uncertainty.

Moreover, in spectrum auctions, the most prominent application of combinatorial auctions,
agents' reports are typically assumed to be observed with small data noise, i.e., network operators
can quite precisely value bundles they are o ered by employing expert teams, such that for not
yet elicited bundles non-data-noise-induced posterior model uncertainty is even more dominant
than data-noise-induced posterior model uncertainty?

In the course allocation domain, students usually make more signi cant mistakes when an-
swering queries (Budish and Kessler, 2022). Thus, to capture such reporting mistakes in course
allocation, | propose a reporting mistake simulation scheme (Soumalias et al., 2023, Section 4.2)
that was tted to real-world data (Budish and Kessler, 2022). Nonetheless, even in the course
allocation domain where data noise is potentially larger, the domain scarcity typically implies
that for not yet elicited bundles non-data-noise-induced posterior model uncertainty is still the
dominant source of overall uncertainty.

All considered ML algorithms that provide point predictions (i.e., NNs, Fourier transforms,
monotone-value neural networks), can in general also be used in settings with larger data noise by
adapting their hyperparameters, e.g., incorporating explicit and implicit regularization. Never-
theless, my proposed uncertainty quanti cation method for NNs, i.e.,neural optimization-based
model uncertainty (NOMU) , is speci cally designed for settings with small data noise. However,
| also evaluate NOMU in settings with data noise (Heiss et al., 2022, Section 4.1.4) and showed
that it performs on par with other considered benchmarks. Furthermore, in (Heiss et al., 2022,
Appendix C.1), | provide an extension on how to incorporate a data noise estimation in NOMU.
Its evaluation is postponed to future work.

However, estimating posterior model uncertainty well in a computationally e cient way for
NNs is still an open research problem. Especially for such settings with scarce training data
and negligible data noise, where posterior model uncertainty is the main source of uncertainty,
popular state-of-the-art methods show severe de ciencies (Heiss et al., 2022). Moreover, an
important step for the design of an ML-based preference elicitation mechanism in combinatorial
assignment is to nd the predicted social welfare-maximizing allocation, i.e., solving theML-

2Even in the case of large data noise, agents' reports are typically legally binding in the considered mechanisms,
such that the mechanism's trained ML models should exactly t the reports, i.e., it could be particularly
problematic if an agent reports for a bundle that her value is 10 $ but the corresponding ML model predicts
5% and subsequently the agent accuses the mechanism designer of falsely representing her reports. Overall,
instead of explicitly modelling that reports are noisy to address the imprecision of agents' reports in spectrum
auctions, it would be better to allow agents to report intervals instead of single points to the mechanism (see
Beyeler et al. (2021) for an extension of MLCA to interval reports). Future work could combine the interval
method by Beyeler et al. (2021) with my proposed ML algorithms.
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based winner determination problem(WDP). This is often achieved by reformulating the ML-
based WDP into a mixed integer linear program (MILP). Thus, to integrate posterior model
uncertainty estimates, one needs to be able to represent these estimates in a functional form
that can be encoded as a succinct, practically feasible MILP. In this context my second research
question is:

Research Question 2 How can we capture model uncertainty for NNs for scarce regression
settings with small data noise and ensure that the resulting model uncertainty estimates can be
encoded as a MILP?

Bayesian Optimization-based Combinatorial Assignment

In an (ML-based) iterative combinatorial assignment mechanism (e.g., an iterative combinatorial
auction), the central agency (e.g., the auctioneer) interacts iteratively with agents over multiple
rounds, eliciting a limited amount of information (e.g., via value queries), aiming to nd a highly

e cient allocation.

Thus, it is apparent that these mechanisms can be seen as a Bayesian optimization (BO)
maximization task with an expensive-to-evaluate function (Frazier, 2018): First, the central
agency's (e.g., an auctioneer) objective is to nd a highly e cient allocation, i.e., to maximize
the social welfare function. Second, this objective in general lacks known structure and when
evaluating it (e.g., via value queries) one only observes it at a single input point and without
derivatives such that gradient-based optimization cannot be used. Third, in practice, one can
only elicit a very limited amount of information (expensive-to-evaluate) to nd an approximately
optimal allocation. For example, in a real-world spectrum auction, the auctioneer could only
ask each bidder to answer on the order of hundreds of value queries for di erent bundles, even
though the space of possible bundles is exponential in the number of items, i.e., there are 2"
possible bundles and § + 1)™ possible allocations forn bidders. However, in addition to the
challenges that arise in classic BO, the combinatorial nature in combinatorial assignment adds
its own set of challenges. For example, Gaussian process-based BO often does not extend beyond
10{20 input dimensions, which is problematic as in combinatorial assignment the input space
can be much larger, e.g., in the multi-region value model (Weiss et al., 2017) fom = 98 items
and n = 10 bidder the input space is 980-dimensional. In addition, integrality constraints to
obtain only whole items (i.e., combinatorial assignment deals with assigningn indivisible items
to agents) and feasibility constraints that ensure each item is only allocated once also need to
be enforced.

Overall, in (combinatorial) BO a well-suited domain-speci ¢ prior and an acquisition function
based on anotion of uncertainty are key. For example, in many combinatorial assignment
settings, agents can freely dispose of unwanted items. Thus, a common assumption about agents
value functions is monotonocity (a.k.a. free disposalin CAs), i.e., \additional items increase
value". However, prior work on ML-based iterative combinatorial assignment (Weissteiner and
Seuken, 2020; Brero et al., 2021; Weissteiner et al., 2022b) has neither taken this important
monotonicity property into account nor did they integrate a notion of uncertainty into their
mechanisms. Speci cally, the latter means that these approaches armyopic in the sense that
the resulting mechanisms simply query the allocation with the highest predicted welfare. In
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particular, the mechanisms do not have any model ofuncertainty over bidders' values for not
yet elicited bundles, although handling uncertainty in a principled manner is one of the key
requirements when designing BO algorithms. Thus, these mechanisms cannot properly control
the exploration-exploitation trade-o inherent to BO. Concretely, this can imply that these
mechanisms may get stuck in local minima, repeatedly querying one part of the allocation space
while not exploring other, potentially more e cient allocations. This brings me to my third
research question:

Research Question 3 How can we perform Bayesian optimization in combinatorial assignment
via domain-speci ¢ NNs as prior?

ML-based Combinatorial Course Allocation

Finally, | study course allocation The course allocation problem arises when educational in-
stitutions assign bundles of courses to students (Budish and Cantillon, 2012). Each course has
a limited number of seats, seats are indivisible, and monetary transfers are not permitted for
fairness reasons. What makes this problem particularly challenging is that students' preferences
over bundles of courses exhibit a combinatorial structure because students may view certain
courses as complements or substitutes.

Popular mechanisms traditionally used in course allocation were thédarvard Business School
(HBS) mechanism and a bidding points auction (BPA) with arti cial currency. However, both
of these approaches have severe design aws that signi cantly impact the e ciency of the nal
allocation: For HBS, there are signi cant opportunities for students to strategically misreport
their preferences for courses (Budish and Cantillon, 2012) and BPA treats the arti cial currency
as if it were real assuming that students have value for left-over currency. To address these design
aws, Budish (2011) proposed a new course allocation mechanisi-CEEI: An approximation to
competitive equilibrium from equal incomesthat is approximately e cient, satis es two fairness
criteria and is strategyproof in the large (i.e., if enough students participate, it is optimal for
them to report their true preferences). While attractive in theory, A-CEEI assumes students
can exactly report their full preferences to the mechanism.

In response to that, Budish et al. (2017) proposed theCourse Match (CM) mechanism, a
practically feasible implementation of the A-CEEI mechanism. CM uses a simple reporting
language to elicit students' preferences oveschedules(i.e., course bundles). Concretely, CM
o ers students a graphical user interface to enter abase valuebetween 0 and 100 for each course,
and an adjustment value between 200 and 200 for eachpair of courses. These adjustments
allow students to report complementarities and substitutabilities between courses, up tgairwise
interactions. The total value of a schedule is then the sum of the base values reported for each
course in that schedule plus any adjustments (if both courses are in the schedule). CM provides
a good trade-o between e ciency, fairness, and incentives and has now been adopted in many
universities such as the Wharton School at the University of Pennsylvania and Columbia Business
School.

However, already Budish et al. (2017) were concerned that the CM language may not be able
to fully capture every student's preferences. Furthermore, they mentioned that some students
might nd it non-trivial to use the CM language and might therefore make mistakes when
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reporting their preferences. Indeed, the eld experiment by Budish and Kessler (2022) revealed
several shortcomings of CM in this regard. First, students made very limited use of the CM
language: on average, students only reported a base value for half of the 25 courses in the
experiment. Furthermore, the average number of pairwise adjustments was only :08 (out of
300). This suggests that cognitive limitations negatively a ect how well students can report
their preferences using the CM language. Second, in addition to not reporting part of their
preferences, students are alsinaccurate when they do report their preferences. Budish and
Kessler (2022) found that both of these reporting mistakes negatively a ected the welfare of
CM. In the experiment, about 16% of students would have preferred another schedule of courses,
with a median utility di erence for these schedules of 13%. Thus, preference elicitation in course
allocation still remains an important challenge. In this context my fourth research question is:

Research Question 4 How can we design an ML-based preference elicitation mechanism for
course allocation, that enables students to express in a simple way more complex preferences and
is more robust to errors, ultimately leading to better allocations?

1.2 Further Related Work

1.2.1 Preference Elicitation in Combinatorial Auctions

Preference elicitation in combinatorial auctions (CAs) has been extensively studied in the past
(see Sandholm and Boutilier (2006) for an overview). Conen and Sandholm (2001) proposed
constraint networks, a general framework for how to represent a bidder's incompletely speci ed
value function which can be updated with various di erent query types. Using constraint net-
works, Conen and Sandholm (2001, 2002, 2003) introduced a series of di ererdnk lattice-based
elicitation (i.e., search) algorithms that provably nd Pareto optimal or e cient allocations in
unstructured settings (i.e., without assumptions on bidders' value functions), relying on rank,
value and bound queries. Similarly, Hudson and Sandholm (2004) proposed several elicitation
policies in unstructured settings that are restricted only to value queries Moreover, Hudson and
Sandholm (2004) also studied elicitation policies that alternate between value anarder queries
and nally they introduced the use of bound-approximation queriesfor CAs, where bidders are
asked to tighten their lower and upper bounds on their value for a given bundle.

However, the practical e ectiveness of all the aforementioned algorithms is rather limited, i.e.,
they often need to elicit huge portions of the bundle space to guarantee an optimal allocation.
In contrast, in my thesis | study the design of ML-powered preference elicitation mechanisms for
CA that aim only for approximately e cient allocations but are practically feasible with respect
to elicitation costs, even for larger settings with many items and bidders.

Using demand queries for preference elicitation in CAs for unstructured settings was most
intensively studied in the context of ascending CAs (Parkes, 1999; Wurman and Wellman, 2000;
Kwasnica et al., 2005). There exist ascending discriminatory bundle-price CAs that yield e cient
allocations. These formats are based on primal-dual (de Vries et al., 2007) or subgradient
algorithms (Parkes and Ungar, 2000; Ausubel and Milgrom, 2002). Finally, Blum et al. (2004)
and Lahaie and Parkes (2004) showed that bundle-price queries have more power than item-
price queries. In contrast, in the part of my research on ML-powered preference elicitation
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mechanisms for CAs, | only usevalue queries

Furthermore, there has also been considerable research for preference elicitation in CAs in
structured domains, i.e., when restricting bidders' value functions to certain function classes.
Zinkevich et al. (2003), Conitzer et al. (2005), and Santi et al. (2004) introduced combinatorial
value function classes that can be exactly learned via value queries wolynomial time. Moreover,
Blum et al. (2004) showed that while learning certain value function classes via value queries
is hard (i.e., requiring super-polynomially many value queries), an e cient allocation can be
determined with only polynomially many value queries. In contrast, in my thesis | rst study
in Research Question 1 ML-powered preference elicitation in CAs for general value functions,
i.e., making no assumptions on bidders' value functions and then assume in Research Question
3 and Research Question 4 that bidders' value functions are monotone (i.e., ful lifree disposa),

a relatively mild assumption that is ful lled in most CA settings.

As in unstructured domains, most research on demand queries in structured domains has
been conducted in the context of ascending CAs, more concretely, in settings where ascending
item-price auctions yield e cient allocations. For example, Kelso Jr and Crawford (1982),Gul
and Stacchetti (2000), Ausubel (2006), and Nisan and Segal (2006) proposed ascending CAs for
substitute valuations.

1.2.2 Machine Learning-based Preference Elicitation and Mechanism Design

More recently, researchers have successfully used ML for preference elicitation. Early work
by Blum et al. (2004) and Lahaie and Parkes (2004) laid the foundation for this by studying
the relationship between computational learning theory and preference elicitation in CAs. As
mentioned, most related to this thesis is the work by Brero et al. (2017), Brero et al. (2018),
and Brero et al. (2021), who proposed a value query-basetL-powered preference elicitation
algorithm for CAs. Beyeler et al. (2021) extended their approach by allowing bidders to only
report upper and lower bounds on bundle values instead of value queries.

Using demand queries, Brero and Lahaie (2018) and Brero et al. (2019) introduced a Bayesian
iterative combinatorial auction using probabilistic item-price updates. In contrast to the mech-
anisms | consider in my thesis, their approach does not maximize the per-instance e ciency but
rather tries to clear (i.e., to nd an e cient allocation) as many instances as possible. However,
since in general item-prices are not expressive enough to support an e cient allocation, their
current approach is rather limited in practice, i.e., even in relatively small synthetic settings
(Combinatorial Auction Test Suite (CATS), 12 items and 10 bidders) their approach could only
nd market clearing prices, in around 60% of the cases.

In active learning, Chu and Ghahramani (2005) and Guo et al. (2010) use Gaussian processes
(GPs) for preference elicitation. Speci cally, Chu and Ghahramani (2005) use GPs for pairwise
preference elicitation over instances as well as for the more general framework of label ranking
(i.e, learning preference relations over the instances' set of labels instead over the instances) and
Guo et al. (2010) use GPs and pairwise comparison queries that maximize the expected value of
information (EVOI). However, in the settings considered in this thesis, GPs are less well suited to
design a combinatorial assignment algorithm (due to the high dimensionality of the input space,
the combinatorial, i.e., integrality and feasibility, constraints, and the computational challenge
of quickly solving the ML-based WDP several hundreds of times.
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While in my thesis | focus on the use of ML algorithms for preference elicitation, there has
been also a considerable amount of research on using ML to learn whole mechanisms from data
following the automated mechanism design paradigm. For auctions, Dutting et al. (2019), Shen
et al. (2019), Rahme et al. (2020), and Peri et al. (2021) used NNs to nd revenue optimal
incentive compatible auction mechanisms, i.e., they use ML algorithms to learn the mapping
from input bids to an allocation and payment rule. Moreover, ML-based automated mechanism
design has also been studied in domains without money: Narasimhan et al. (2016) used support
vector machines to design strategyproof mechanisms for social choice and stable mechanisms
for two-sided matching problems. Golowich et al. (2018) used NNs to design strategyproof,
multi-facility mechanisms that minimize expected social cost.

1.2.3 Encoding Neural Networks as Mixed Integer Linear Programs

In my thesis, | formulated the (MV)NN-based winner determination problem in combinatorial
auctions and the NN-based utility maximization problem for a single student in course allocation
as a mixed integer linear program (MILP). These MILP formulations are related to a recent line

of research that uses MILP encodings of trained NNs for various tasks. For example, Cheng
et al. (2017) studied resilience properties of trained NNs using a MILP, Fischetti and Jo (2018)
used a MILP for nding adversarial examples of trained NNs in image recognition, Mladenov
et al. (2017) considered linearized NNs as response models in logistic MDPs for user modeling
in advertising and recommendation, and Say et al. (2017) used MILP formulations of NN-based
transition models for planning problems. Finally, Anderson et al. (2020) provide a generic
framework and overview of strong mixed integer programming formulations for trained NNs.

1.2.4 Quantifying Model Uncertainty for Neural Networks

Over the last decade, researchers have developed various methods to quantify posterior model
uncertainty for NNs.® One strand of research considers Bayesian neural networks (BNNSs),
where distributions are placed over the NN's parameters (Graves, 2011; Blundell et al., 2015;
Herrandez-Lobato and Adams, 2015). However, variational methods approximating BNNs are
usually computationally prohibitive and require careful hyperparameter tuning. Thus, BNNs
are rarely used in practice (Wenzel et al., 2020a).

In practice, ensemble methodsire more established. Gal and Ghahramani (2016) proposed
Monte Carlo dropout (MCDO) to estimate posterior model uncertainty via stochastic forward
passes. Interestingly, they could show that training an NN with dropout can also be interpreted
as variational inference approximating a BNN. Lakshminarayanan et al. (2017) experimentally
evaluated ensembles of NNs and showed that they perform as well as or even better than BNNSs.
They proposed usingdeep ensembles (DE)which use NNs with two outputs for model predic-
tion and data noise, and they estimate posterior model uncertainty via the empirical standard
deviation of the ensemble. DE is the most established state-of-the art ensemble method in terms
of robustness and uncertainty quanti cation, shown to consistently outperform other ensemble
methods (Ovadia et al., 2019; Fort et al., 2019; Gustafsson et al., 2020; Ashukha et al., 2020).
Recently, Wenzel et al. (2020b) proposedhyper deep ensembles (HDE)an extension of DE

3Please, see Remark 1 for a brief review ormodel uncertainty and data noise in the classical Bayesian framework.
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where additional diversity is created via di erent hyperparameters and experimentally showed
that HDE outperforms DE in the experiments they considered.

Further lines of work have contributed to modeling uncertainties for NN-based estimates.
Nix and Weigend (1994) were among the rst to introduce NNs with two outputs: one for
model prediction and one fordata noise (aleatoric uncertainty), using the Gaussian negative
log-likelihood as loss function. However, such a data noise output cannot be used as an estimator
for model (i.e., epistemic) uncertainty (see (Heiss et al., 2022, Appendix G) for a discussion).
To additionally capture posterior model uncertainty, Kendall and Gal (2017) combined the idea
of Nix and Weigend (1994) with MCDO.

Similarly, NNs with two outputs for lower and upper UBs, trained on speci cally-designed
loss functions, were previously considered by Khosravi et al. (2010) and Pearce et al. (2018).
However, the method by Khosravi et al. (2010) again only accounts for data noise and does not
consider posterior model uncertainty. The method by Pearce et al. (2018) also does not take
posterior model uncertainty into account in the design of their loss function and only incorporates
it via ensembles (as in DE).

Besides the state-of-the art ensemble methods HDE and DE, there exist many other papers
on ensemble methods that, for example, promote the ensemble's diversity on the function space
(Wang et al., 2019; Tiulpin and Blaschko, 2022) or reduce computational cost (Wen et al., 2020;
Havasi et al., 2021).

For classi cation, Malinin and Gales (2018) introduced prior networks, which explicitly model
in-sample and out-of-distribution uncertainty, where the latter is realized by minimizing the
reverse KL-distance to a selected at point-wise de ned prior. In a recent working paper,
Malinin et al. (2020) report on progress extending their idea to regression. While the idea of
introducing a separate loss for learning posterior model uncertainty is related to NOMU, there
are several important di erences (loss, architecture, behavior of the model prediction, theoretical
motivation) that are discussed in detail in (Heiss et al., 2022, Appendix E). Furthermore, their
experiments suggest that DE still performs weakly better than their proposed method.

In contrast to BNNs, which perform approximate inference over the entire set of weights,
neural linear models (NLMs) perform exact inference on only the last layer. NLMs have been
extensively benchmarked in (Ober and Rasmussen, 2019) against MCDO and the method from
(Blundell et al., 2015). Their results suggest that MCDO and (Blundell et al., 2015) perform
competitively, even to carefully-tuned NLMs.

Neural processes, introduced by Garnelo et al. (2018a,b), have been used to express posterior
model uncertainty for image completion tasks, where one has access to thousands of di erent
images interpreted as functionsf; instead of input points x;. See (Heiss et al., 2022, Appendix
F) for a detailed comparison to NOMU.

Furthermore, it is important to distinguish the following two (almost) orthogonal problems
regarding uncertainty quanti cation: First, the fundamental concept of how to estimate relative
posterior model uncertainty, i.e., how much more posterior model uncertainty does one have at
one point x compared to any other pointx® (methods such as MCDO, DE, HDE or NOMU are
concerned with this question) and second, the calibration of the resulting uncertainty bounds,
i.e., an % credible interval should contain the true outcome % of the time. For calibration,
Kuleshov et al. (2018) and Kuleshov and Deshpande (2022) show that BNNs are in general badly
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calibrated and propose e ective calibration methods for any given uncertainty quanti cation
method in regression (including NOMU) and classi cation.

1.2.5 Monotone Neural Networks

Several other approaches for incorporating monotonicity into NNs have previously been pro-
posed. However, for these architectures, it is either not known how the NN-based winner de-
termination problem (WDP) could be solved quickly, or they have other limitations: Sill (1997)
proposes only a shallow architecture which violates the normalization property (i.e., 07! 0).
You et al. (2017) propose a complicated non-standard architecture, where no computationally
feasible MILP formulation of the corresponding WDP is known. Wehenkel and Louppe (2019)
implement monotonicity by representing the target function as an integral of an NN and thus
the WDP would result in a computationally infeasible MILP. Liu et al. (2020) train NNs with
successively higher regularization until a MILP based veri cation procedure guarantees mono-
tonicity. The repeated retraining and veri cation leads to high computational cost. In contrast,
my proposed monotone-value neural networks (MVNNSs) are particularly well suited for combi-
natorial assignment, because (i) the MVNN-based WDP can be formulated as a succinct MILP
and thus solved quickly* and (i) | propose a generic fully-connected feed-forward architecture
with an arbitrary number of hidden layers which can be trained e ciently.

1.3 Publications Contained in this Thesis

This thesis consists of six papers that answer the four research questions presented in Section 1.1.
In what follows, | restate the research questions and provide the corresponding list of papers
that address each research question.

Research Question 1 How can we enhance ML-based preference elicitation in CAs and address
the limitations of prior work?

Publications

1. Deep Learning-powered Iterative Combinatorial Auctions.
Jakob Weissteiner and Sven Seuken.
In Proceedings of the Thirty-fourth AAAI Conference on Arti cial Intelligence (AAAI'20),
New York, USA, February 2020.

2. Fourier Analysis-based Iterative Combinatorial Auctions.
Jakob Weissteiner, Chris Wendler", Sven Seuken, Ben Lubin, and Markus Puschel.

4Speci cally, note that the particular selection of bReLU as the activation function for MVNNSs is in a certain
sense even the optimal choice with respect to expressivity of the network and computational complexity of the
corresponding MILP. This can be seen as follows: (i) The constraints on the weights and biases enforce mono-
tonicity of MVNNs (in fact for any monotone activation). (ii) For universality, one needs however a bounded
monotone non-constant activation, e.g., with ReLUs and our constraints one cannot express substitutabilities.
(iii) for the MILP, one needs a piecewise linear activation, e.g., with sigmoids one could not formulate a MILP.
Taking all together, bReLU is the simplest bounded, monotone, non-constant, piecewise-linear activation
function.

“These authors contributed equally.
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In Proceedings of the Thirty- rst International joint Conference on Arti cial Intelligence
(IICAI'22), Vienna, AUT, July 2022.

Research Question 2 How can we capture model uncertainty for NNs for scarce regression
settings with small data noise and ensure that the resulting model uncertainty estimates can be
encoded as a MILP?

Publications

3. NOMU: Neural Optimization-based Model Uncertainty.
Jakob Heiss, Jakob Weissteinef, Hanna Wutte ", Sven Seuken, and Josef Teichmann.
In Proceedings of the Thirty-ninth International Conference on Machine Learning (ICML'22),
Baltimore, USA, July 2022.

Research Question 3 How can we perform Bayesian optimization in combinatorial assignment
via domain-speci ¢ NNs as prior?

Publications

4. Monotone-Value Neural Networks: Exploiting Preference Monotonicity in Combinatorial
Assignment.
Jakob Weissteinef, Jakob Heis$, Julien Siem$ and Sven Seuken.
In Proceedings of the Thirty- rst International joint Conference on Arti cial Intelligence
(IJCAI'22), Vienna, AUT, July 2022.

5. Bayesian Optimization-based Combinatorial Assignment.
Jakob Weissteiner, Jakob Heiss, Julien Siems and Sven Seuken.
In Proceedings of the Thirty-seventh AAAI Conference on Arti cial Intelligence (AAAI'23),
Washington, D.C., USA, February 2023.

Research Question 4 How can we design an ML-based preference elicitation mechanism for
course allocation, that enables students to express in a simple way more complex preferences and
is more robust to errors, ultimately leading to better allocations?

Publications

6. Machine Learning-powered Course Allocation.
Ermis Soumalias, Behnoosh Zamanlooy, Jakob Weissteiner and Sven Seuken.

ArXiv preprint, March 2023, [pdf].

1.4 Summary of Contributions

In this section, | provide a summary of all six research papers and explain how they answer the
four corresponding research questions.

“These authors contributed equally.
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1.4.1 Deep Learning-powered Iterative Combinatorial Auctions

This paper provides the rst answer to Research Question 1 by introducing a deep learning-
powered iterative combinatorial auction (ICA), which outperforms state-of-the-art prior ICA
designs with respect to allocative e ciency.

We build on prior work by Brero et al. (2018, 2021), who proposed a value query-baseliL-
powered iterative combinatorial auction mechanism (MLCA)®. At the core of their mechanism
is an ML-powered preference elicitation algorithm, which consists of the following two steps:
(1) an estimation step where given some already elicited bundle-value pairs (i.e., bids) MLCA
uses a distinct ML algorithm to learn each bidder's true value function and (2) anoptimization
step, where MLCA solves an ML-based winner determination problem (WDP) to determine
the allocation with the highest predicted social welfare (i.e., using the trained ML-models as
representations of bidders' true value functions), and MLCA then uses this allocation to generate
the next set of value queries to all bidders. This process repeats in an iterative fashion until a
xed number of queries has been asked. As their ML algorithm, they used kernelized support
vector regressions (SVRS) to learn the nonlinear value functions of bidders. Recently, Brero et al.
(2021) experimentally showed on synthetic data generated via thespectrum auction test suite
(SATS) (Weiss et al., 2017) that MLCA achieves even higher e ciency than the widely-used
combinatorial clock auction.

However, because of runtime complexity issues of theptimization step, Brero et al. (2018,
2021) focused on SVRs with linear and quadratic kernels. This leaves room for improvement,
since bidders' valuations can have more complex structures than can be captured by linear or
guadratic kernels. Concretely, a quadratic kernel, while more expressive than a linear kernel,
can still at most model two-way (i.e., pairwise) interactions between the items.

In this paper, we show how these shortcomings can be addressed by using fully-connected
feed-forward neural networks (NNs) instead of SVRs in theestimation step and the optimization
step of MLCA. In each round of the auction, we approximate bidders' value functions by NNs
(estimation step) and subsequently solve an NN-based WDP dptimization step) to determine
which queries to ask each bidder in the next round of the auction. NNs have the advantage
that in contrast to SVRs, they do not use prede ned feature transformations. While with
SVRs, the choice of a good kernel usually relies on prior domain knowledge, NNs automatically
learn features in the process of training. Moreover, they are more expressive than quadratic
kernels, i.e., can model preferences that are more complex than two-way interactions. Since our
design involves solving the NN-based WDP in each round of the auction, a key requirement for
the practical implementation of our auction mechanism is to e ciently solve these NN-based
WDPs. Therefore, we present a theorem, which shows how the NN-based WDP in the case
of ReLU activation functions can be reformulated into a mixed integer linear program (MILP)
(Weissteiner and Seuken, 2020, Theorem 1). Moreover, in contrast to SVRs with nonlinear
kernels, one always obtains a MILP for the NN-based WDP whose size grows linearly in the
number of bidders and items, for any number of layers and nodes.

To experimentally evaluate the performance of our NN-ICA, we follow prior work (Brero

5To be more speci ¢, Section 1.4.1 builds on a predecessor version of MLCA, which was introduced by Brero
et al. (2018) and which they called pseudo VCG mechanism (PVM). However, for ease of exposition and since
the main conceptual ideas of MLCA and PVM are the same, | only discuss MLCA at this point.
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GSVM 6 Regional (R), 1 National (N) Bidders LSVM 5 Regional (R), 1 National (N) Bidders
Auction NN E ciency Revenue t-test:E ciency NN E ciency Revenue t-test:E ciency
Mechanism  Hidden Layers in % in % Ho: svrR = NN Hidden Layers in % in % Ho: NN SVR

NN-ICA  R:[32,32], N:[10,10] 9863 0:35 6781 R{[32,32], N:[10,10,10] 97:74 047 6245

=03 =265
SVR-ICA 0885 025 7780  Pvve 9603 0:65 6560  Peve T

Table 1.1: NN-ICA vs. SVR-ICA. All results are averaged on a test set of 100 auction instances.
For e ciency, a 95%-con dence interval is shown. The winner based on a pairwise
t-test with a signi cance level 0.05 is marked in grey. Additionally, we present the
NN architectures (hidden layers) for the regional (R) and national (N) bidders.

et al., 2021) and use SATS to generate synthetic auction instances in two domains: th&lobal
Synergy Value Model (GSVM) and the Local Synergy Value Model (LSVM). First, we compared
the prediction (i.e., generalization) performance of NNs against SVRs, where we already observed
that NNs better capture bidders' value functions (particularly in the more complex LSVM).
Next, we compared the allocative e ciency of our NN-ICA against the SVR-ICA. The results
are shown in Table 1.1. In GSVM (a domain perfectly suited for the quadratic kernel), NN-ICA
matches the e ciency of the SVR-ICA, while in the more complex LSVM, NN-ICA outperforms
SVR-ICA by 1.74% points. Finally, we also demonstrated that the NN-ICA scales well to a very
large domain, by evaluating it in the Multi Region Value Model (MRVM) (with m = 98 items,
2% pundles andn = 10 bidders).

This paper introduces a deep learning-powered ICA and provides the rst answer to Research
Question 1. Overall, our results show that, perhaps surprisingly, even small-sized NNs can be
advantageous for the design of ICAs and thus we can conclude that using more expressive
(deep) NNs for the design of preference elicitation mechanisms in CA leads to higher allocative
e ciency.

1.4.2 Fourier Analysis-based Iterative Combinatorial Auctions

This paper completes the answer to Research Question 1 by introducing a Fourier analysis-based
iterative combinatorial auction (ICA), which uses Fourier transforms (FTs) for set functions to
leverage di erent notions of sparsity of value functions in preference elicitation.

Recent advances in Fourier analysis have brought new tools to e ciently represent and
learn set functions (Stobbe and Krause, 2012; Amrollahi et al., 2019; Wendler et al., 2021).
In this paper, we build on our own prior work (Weissteiner and Seuken, 2020) and bring the
power of Fourier analysis to the design of combinatorial auctions (CAs). The goal of preference
elicitation in CAs is to learn bidders' value functions using a small number of informative queries.
Mathematically, value functions are set functions, i.e., they map a set of items represented as
an indicator vector to a non-negative real number.

However, those set functions are in general exponentially large objects that are notoriously
hard to represent or learn. To control for this complexity, we leverage Fourier analysis for set
functions. In particular, we consider Fourier-sparse approximations which are represented by a
small number of parameters. These parameters are the non-zefurier coe cients (FCs) ob-
tained by a base change with theFourier transform (FT) . The motivation behind this approach
is that we expect bidders' value functions to besparse meaning that their preferences can be
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Figure 1.1: Spectral energy distribution in LSVM for three di erent FTs: FT3 (i.e., polynomial
representation), FT4, and WHT. For each cardinality (x-axis), we collect the spectral
energy (y-axis) of all FCs of that cardinality and normalize by the total spectral
energy.

described with much less data than is contained in the (exponentially-sized) full value function.
While this sparsity may be di cult to uncover when looking at bidders' value reports, it may
reveal itself in the Fourier domain (where then most FCs are zero).

We considered three di erent FTs: the classicWalsh-Hadamard transform (WHT) (Bernasconi
et al., 1996), FT3 (Puschel and Wendler, 2020) andFT4 (Pdaschel and Wendler, 2020). The
bene t of considering multiple FTs is that they o er di erent, non-equivalent notions of sparsity.
This implies that each FT provides us with a newlens on the bidder's value function potentially
revealing structure and thus reducing dimensionality.

In Figure 1.1, we present this key advantage of representing bidders' value functions in
di erent Fourier domains. First, we compute the FTs of all bidders and then calculate their
correspondingspectral energydistribution, i.e., the (normalized) distribution of the squared FCs
corresponding to a xed cardinality (i.e., number of items) of the input set. In Figure 1.1, we
present the mean over 30 CA instances and bidder types in the complex Local Synergy Value
Model (LSVM), a synthetic spectrum auction domain (Weiss et al., 2017). We see that while
the spectral energy is spread among FCs of various degrees in FT3 and FT4, in WHT the low
degree ( 3) FCs contain most of the energy, i.e., the WHT has much fewer important FCs that
accurately describe each bidder's value function, and thus can be learned more easily. Moreover,
in our paper we show that the FT3 is identical to the widely-used polynomial value function
representation (Lahaie, 2010). Therefore, we conclude that solely converting the polynomial
representation into another FT basis (here WHT), without changing the value function at all,
can signi cantly reduce dimensionality and thus be very helpful for the design of ML-based
ICAs.

In our paper, we then leverage this key observation to design a new ICA mechanism based
on neural networks (NNs) and FTs, which we call Hybrid ICA (Weissteiner et al., 2022b, Al-
gorithm 3). On a high level, Hybrid ICA rst learns a good support (i.e., the most dominant
FCs) of each bidder via NNs and second builds a Fourier-sparse approximation based on those
supports. Finally, we use this Fourier-sparse approximation to create value queries similar to the
original MLCA (Brero et al., 2021). In (Weissteiner et al., 2022b, Table 3), we show that Hybrid
ICA achieves higher e ciency than the NN-powered ICA mechanism proposed in (Weissteiner
and Seuken, 2020).
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Figure 1.2: UBs resulting from NOMU, GP, MCDO, DE, and HDE for the Levy function (solid
black line). For NOMU, we also show 4 as a dotted blue line. Training points are
shown as black dots.

This paper completes the answer to Research Question 1. We have brought together the two
elds of Fourier analysis for set functions and CA design. We have proposed a new state-of-
the-art Hybrid ICA mechanism based on both NNs and Fourier analysis that leverages di erent
notions of sparsity resulting in higher allocative e ciency than prior ML-based ICAs. We
can conclude that using sparser representations of value functions can signi cantly reduce the
dimensionality and facilitate the learning task.

1.4.3 NOMU: Neural Optimization-based Model Uncertainty

This paper provides a complete answer to Research Question 2. In this paper, we present a
new approach for estimating posterior model uncertainty for NNs in regression settings with
scarce training data observations and small data noise, which we cafieural optimization-based
model uncertainty (NOMU). In contrast to a fully Bayesian approach for NNs, where de ning
a realistic prior and subsequently approximating the posterior (e.g., by variational inference or
Markov chain Monte Carlo techniques) is in general a very challenging task, we take a di erent
approach anddirectly estimate posterior model uncertainty (i.e., without explicitly de ning a
prior) by enforcing ve desiderata of posterior model uncertainty that any method should satisfy.

Speci cally, we rst introduce ve desiderata that we argue posterior model uncertainty
bounds (UBs) should satisfy (Heiss et al., 2022, Section 3.1). We then introduce NOMU, whose
main idea is to design a network architecture consisting of two connected sub-NNs (Heiss et al.,
2022, Section 3.2), one for the model (i.e., mean) prediction and one for the posterior model
uncertainty prediction, and to train it using a carefully-designed loss function (Heiss et al., 2022,
Section 3.3), such that the estimated posterior model UBs ful ll our ve desiderata. NOMU is
easy to implement, scales well to large NNs and its posterior model uncertainty estimate can be
represented as asingle NN (in contrast to ensemble methods). This is particularly important,
since we can then use the NN-MILP encoding proposed by Weissteiner and Seuken (2020) to
encode the posterior model upper UB as a MILP and use it to de ne an acquisition function in
iterative combinatorial assignment mechanisms (e.g., MLCA) to better control the exploration-
exploitation trade-o (see Section 1.4.5). Moreover, because of its modular architecture, NOMU
can easily be used to obtain posterior model UBs for already trained NNs.

Figure 1.2 exempli es our ndings, showing typical model UBs, i.e., [f’\ e, wheref" and *
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represent the estimated mean prediction and the estimated standard deviation of the posterior
model uncertainty, for all considered algorithms for the Levy test function. We nd that Monte
Carlo dropout (MCDO) (Gal and Ghahramani, 2016) consistently yields tube-like UBs; in par-
ticular, its UBs do not narrow at training points, i.e., failing an in-sample desideratum that is
required by Bayesian theory (Heiss et al., 2022, Desideratum D2). Moreover, it only ful lls our
out-of-sample desideratum, i.e., (Heiss et al., 2022, Desideratum D3), to a limited degree. We
frequently observe that deep ensembles (DE)YLakshminarayanan et al., 2017) leads to UBs of
somewhat arbitrary shapes. This can be seen most prominently in Figure 1.2 arouns 0:75
and at the edges of its input range, where DE's UBs are very di erent in width with no clear
justi cation. Thus, also DE is limited in our out-of-sample desideratum, i.e., (Heiss et al., 2022,
Desideratum D3). In addition, we sometimes see that also DE's UBs do not narrow su ciently
at training points, i.e., they do not full our in-sample desideratum, i.e., (Heiss et al., 2022,
Desideratum D2). Hyper deep ensemble's (HDE)(Wenzel et al., 2020b) UBs are even more
random, i.e., predicting large posterior model uncertainty at training points and sometimes zero
posterior model uncertainty in gaps between them (e.g.x 0:75).% In contrast, NOMU dis-
plays the behaviour it is designed to show. Its UBs nicely tighten at training points and expand
in-between (ful lling desiderata D1{D3 formulated in (Heiss et al., 2022), for desideratum D4
see (Heiss et al., 2022, Appendix D.4)). Like NOMU, the GP ful lls desiderata D1{D3 from
(Heiss et al., 2022) well, but cannot account for desideratum D4 (Metric Learning) formulated
in (Heiss et al., 2022), since a xed kernel does not depend on the model prediction.

To benchmark NOMU's posterior model uncertainty estimates also from a quantitative point
of view, we experimentally evaluate NOMU in various di erent regression settings: in scarce
and noiseless settings to isolate posterior model uncertainty (Heiss et al., 2022, Sections 4.1.1
and 4.1.2) and on real-world data sets (Heiss et al., 2022, Sections 4.1.3 and 4.1.4). We show
that NOMU performs well across all these settings while state-of-the-art methods (MCDO, DE,
and HDE) exhibit several de ciencies.” Speci cally, in (Heiss et al., 2022, Section 4.1.4), we
test NOMU's performance on the UCI data sets proposed in (Herrandez-Lobato and Adams,
2015), a common benchmark for uncertainty quanti cation in noisy, real-world regression. Our
results show, that even the current version of NOMU, which does not explicitly model data noise,
already performs on par with existing benchmarks on these real-world regression taskgth data
noise. Incorporating data noise estimation in the current version of NOMU might further boost
its performance. Finally, we evaluate the performance of NOMU in high-dimensional noiseless
Bayesian optimization with costly evaluations where good posterior model uncertainty estimates
are key and show that NOMU performs as well or better than all considered benchmarks (Heiss
et al., 2022, Section 4.2).

®possible reasons for HDE's particularly bad performance in our setting are: (i) the scarcity of training/validation
data. HDE trains its NNs based on 80% of the training points and uses the remaining 20% to build an ensemble
based on a score, whilst the other methods can use 100% of the training points for training. In a scarce data
setting this implies that rst, the mean prediction of HDE does not t through all the training points, and
second, the scoring rule is less reliable and (ii) in a noiseless setting one already knows that the L2-regularization
should be small, and thus optimizing this parameter is less useful here.

"We also conducted experiments using the method proposed by Blundell et al. (2015). However, we found
that this method did not perform as well as the other considered benchmarks. Moreover, it was shown in
(Gal and Ghahramani, 2016; Lakshminarayanan et al., 2017) that DE and MCDO outperform the methods
by Herrandez-Lobato and Adams (2015) and Graves (2011), respectively. Therefore, we do not include the
methods by Graves (2011), Blundell et al. (2015), and Herrandez-Lobato and Adams (2015) in our experiments.
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This paper completes the answer to Research Question 2 by introducing a novel method
to capture posterior model uncertainty of NNs speci cally suited to settings with small data
noise and scarce training data. Furthermore, NOMU's posterior model uncertainty estimate can
be represented by a single NN and thus can be encoded as a succinct MILP making NOMU
particularly well suited for combinatorial assignment problems.

1.4.4 Monotone-Value Neural Networks: Exploiting Preference Monotonicity in
Combinatorial Assignment

This paper provides the rst answer to Research Question 3 by introducing a novel class of neural
networks: monotone-value neural networks (MVNNs) MVNNSs by their design incorporate
important domain-speci c prior knowledge (i.e., a monotonicity and normalization property)
about agents' preferences in combinatorial assignment settings. This hard-coded prior knowledge
helps to improve the generalization performance, especially in settings with few training data
points (e.g., bids) and makes MVNNSs the state-of-the-art algorithm to learn monotone and
normalized preferences in combinatorial assignment.

Recall that in Section 1.4.1, we enhanced the MLCA mechanism by integrating NNs instead
of SVRs with quadratic kernel, which are more expressive and ultimately led to allocations with
higher e ciency. However, from a Bayesian optimization point of view, there still remain two
main de ciencies of the NN-based MLCA: First, MLCA uses plain feed-forward fully-connected
NNSs as prior to learn the bidders value functions, which are \too generic" and do not account for
the important monotonicity property of bidders' value functions. Second, the query generation
in MLCA only exploits (i.e., it maximizes the mean prediction without any notion of uncertainty)
and does not properly explore the bundle space. In this paper, we address the rst de ciency.

Two common assumptions of agents' value functions in combinatorial assignment arenor-
malization (i.e., \zero value for the empty bundle of items") and monotonicity (i.e., \additional
items increase value") These properties are satis ed in many economic market domains. For
example, in many combinatorial auctions (where this property is often calledfree disposal,
bidders can freely dispose of unwanted items; in combinatorial course allocation, students can
just drop courses they have been assigned.

To account for this, we introduce MVNNSs, which are speci cally suited to model monotone
combinatorial value functions. Concretely, we implement the normalization and monotonicity
property of MVNNSs via constraints on the weights (i.e., non-negative weights) and biases (i.e.,
non-positive biases) and use as activation function thebounded ReLU (bReLU) Furthermore,
we show in (Weissteiner et al., 2022a, Theorem 1) that with this design one can represemny
value function with arbitrarily complex substitutabilities and complementarities that satis es the
normalization and monotonicity property exactly as a nite-width MVNN. Finally, to e ciently
solve MVNN-based winner determination problems (WDPs), we provide for MVNNSs a succinct
MILP formulation. Finding tight bounds on the neurons for NN-based MILPs is an active area
of research and critical to scale NN-based MILPs to larger architectures. For a plain ReLU
NN, bounds based on interval arithmetic (a.k.a. box constraints) are not tight. However, for
MVNNSs, it turns out that these bounds are always perfectly tight, because of their encoded
monotonicity. The upper bound of an arbitrary neuron is the value the neuron would output
for the full bundle and the lower bound is the corresponding value for the empty bundle.
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We experimentally evaluated the learning performance of MVNNs vs. plain NNs in four
di erent synthetic spectrum auction domains from the spectrum auction test suite (SATS)
(Weiss et al.,, 2017) and showed that MVNNSs are signi cantly better at modelling bidders'
combinatorial value functions. Furthermore, we experimentally investigated the performance
of MVNNSs vs. plain NNs when integrated into an existing ML-based iterative combinatorial
auction mechanism (i.e., MLCA proposed by Brero et al. (2021)) and compared them also
to the recently introduced Fourier transform-based method by Weissteiner et al. (2022b). We
showed that using MVNNs in MLCA leads to signi cantly smaller e ciency losses than all other
considered auction mechanisms.

This paper introduces MVNNSs as a domain-speci ¢ prior in combinatorial assignment where
agents are assumed to have monotone combinatorial value functions and provides the rst an-
swer to Research Question 3. Overall, our results show that MVNNs improve the prediction
performance, they yield state-of-the-art allocative e ciency in the auction, and they also reduce
the runtime of the ML-based WDPs. We conclude that incorporating domain-speci c prior
knowledge in combinatorial assignment into the ML algorithm can indeed be advantageous,
especially in settings with scarce data points.

1.4.5 Bayesian Optimization-based Combinatorial Assignment

This paper provides a complete answer to Research Question 3. Based on MVNNs as domain-
speci ¢ prior ML algorithm, we propose in this paper a Bayesian optimization-based combinato-
rial assignment (BOCA) mechanism which includes a notion of posteriomodel uncertainty to
properly explore and not just exploit the bundle space during its preference elicitation phase.

The main idea of previously introduced ML-powered preference elicitation algorithms (Brero
et al., 2018, 2021; Weissteiner and Seuken, 2020; Weissteiner et al., 2022b,a) is two-fold: rst,
they train a separate ML model to learn each bidder's full value function from a small set of
bids; second, they solve arML-based winner determination problem (WDP) to determine the
allocation with the highest predicted social welfare, and they use this allocation to generate the
next set of queries to all bidders. This process repeats in an iterative fashion until a xed number
of queries has been asked. Thus, their ML-powered ICA can be interpreted as combinatorial
Bayesian optimization (BO) algorithm, with the goal of maximizing the (true) social welfare
function.

However, in light of BO, the main shortcoming of this prior work is that all of these ap-
proaches aremyopic in the sense that these mechanisms simply query the allocation with the
highest predicted welfare. In particular, these mechanisms do not have an explicit model of
uncertainty over an agent's values for not yet elicited bundles, although handling uncertainty in
a principled manner is one of the key requirements in BO and when designing a smart preference
elicitation algorithm (Guo et al., 2010). Thus, prior mechanisms cannot properly control the
exploration-exploitation trade-o inherent to BO. For ML-based iterative combinatorial assign-
ment mechanisms, this means that these mechanisms may get stuck in local minima, repeatedly
guerying one part of the allocation space while not exploring other, potentially more e cient
allocations.

In this paper, we address this shortcoming and show how to integrate a notion of posterior
model uncertainty (i.e., epistemic uncertainty) over agents' preferences into iterative combinato-
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rial assignment. Concretely, we design @&ayesian optimization-based combinatorial assignment
(BOCA) mechanism that makes use of posterior model uncertainty in its query generation mod-
ule. The main technical challenge is to design a new method for estimating anpper uncertainty
bound (UUB) that can be used to de ne an acquisition function to determine the next query?®
To this end, we combineMVNNs (Weissteiner et al., 2022a) with NOMU (Heiss et al., 2022).
Speci cally, we make the following contributions.

First, we present a modi ed NOMU algorithm, tailored to combinatorial assignment, exploit-
ing monotonicity of agents' preferences and the discrete ( nite) nature of this setting. Concretely,
our new NOMU algorithm is based on the following two key characteristics of combinatorial as-
signment: (i) since agents' value functions are monotonically increasing, the uUBs need to be
monotonically increasing too (Weissteiner et al., 2023, Propositions 1 and 2), and (ii) due to
the (' nite) discrete input space, one can derive a closed-form expression of the 100%-uUB as
an MVNN. We then use this closed form MVNN expression of the 100%-uUB together with the
MVNN mean prediction in the design of a new NOMU loss function to enforce that our uUB
lies between the mean and the 100%-uUB, i.e, approximating an %-uUB with 2 [50; 100].

Second, we show that generic parameter initialization for monotone NNs (including MVNNS)
can fail and propose a new initialization method for MVNNs based on uniform mixture distribu-
tions. Concretely, the non-negativity constraints of the weights in an MVNN imply that when
using a generic parameter initialization of standard (non-constrained) NNs that the conditional
mean of the output of each neuron in the MVNN either explodes or its conditional variance
vanishes (depending on the scaling of the distribution). To overcome this issue, we propose an
i.i.d. mixture distribution of two di erent uniform distributions such that the conditional mean
and the conditional variance neither explode nor vanish with increasing width of the network
but rather stay constant.

Third, we present a more succinct mixed integer linear program (MILP) for MVNNSs to solve
the ML-based WDP using our proposed MVNN-based uUB as ML algorithm. Our new MILP
only contains half the linear constraints compared to the MILP proposed in (Weissteiner et al.,
2022a).

Finally, we experimentally compared BOCA in the spectrum auction test suite (SATS)
(Weiss et al., 2017) against state-of-art-approaches and showed that BOCA outperforms these
approaches in terms of allocative e ciency.

This paper completes the answer to Research Question 3. With this paper, we have proposed
a practical fully Bayesian optimization-based combinatorial assignment (BOCA)mechanism. On
a conceptual level, our main contribution is the integration of posterior model uncertainty over
agents' preferences into ML-based preference elicitation. On a technical level, we have designed
a new method for estimating an uUB that exploits the monotonicity of agents' preferences in the
combinatorial assignment domain and the nite nature of this setting. From our experimental
results, we conclude that using a notion of posterior model uncertainty that enables the mecha-
nism to properly explore and not just exploit the bundle space during its preference elicitation
phase, can signi cantly boost its performance.

8In the literature, upper uncertainty bound (UUB) is also sometimes called upper con dence bound (UCB) and
BO algorithms using the UCB as acquisition function are referred to as UCB-algorithms.
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1.4.6 Machine Learning-powered Course Allocation

This paper provides a complete answer to Research Question 4. In this paper, we introduce a ma-
chine learning-powered course allocation mechanism. Concretely, we extend the state-of-the-art
Course Match (CM) mechanism (Budish et al., 2017) with a machine learning-based preference
elicitation module. We call our proposed mechanismmachine learning-powered course match
(MLCM) . MLCM generates in an iterative, asynchronous manner, carefully selecteghairwise
comparison queriesthat are tailored to each individual student.

With this approach, we build on the ideas developed in a recent stream of papers oNIL-
powered combinatorial auctions Brero et al. (2018) were the rst to integrate an ML-powered
preference elicitation component into a practical combinatorial auction mechanism. They used
support vector regression to learn bidders' value functions and to iteratively generate new in-
formative queries in each auction round. In (Brero et al., 2021), the authors proposed the
MLCA mechanism and showed that it achieves higher allocative e ciency than the widely-used
combinatorial clock auction (Ausubel et al., 2006).

While these works are important precursors to this paper, there are several noteworthy
di erences. First, these papers usedvalue queriesas the interaction paradigm, which would
be unnatural in course allocation. Instead, we usepairwise comparison queries(i.e., asking
students \Do you prefer course schedule A or B?"). Importantly, a pairwise comparison query
is a simpler type of query, known to have low cognitive load (Conitzer, 2007; Chajewska et al.,
2000). Second, our goal is to build on top of the CM's simple reporting language (recall that
CM o ers students a graphical user interface (GUI) to enter a base valuebetween 0 and 100 for
each course, and aradjustment valuebetween 200 and 200 for eaclpair of courses). Thus, we
must be able to handle thecardinal input that students provide via the CM reporting language
as well as theordinal feedback from answering pairwise comparison queries. Finally, while an
auctioneer can require bidders in an auction to participate in a synchronous way (i.e., submitting
a bid in every round), we must allow students to interact with the mechanism in an asynchronous
manner.

The high-level idea of MLCM is as follows. First, students use the CM reporting language
(i.e., the same GUI as in CM). As in CM, this input is required from all students. Second,
MLCM uses these initial reports to train a distinct ML model for each student so that it can
predict each student's value for any possible course schedule. Third, MLCM uses an ML-powered
preference elicitation algorithm to generatecomparison queriesthat are tailored to each student,
and students simply answer which schedule they prefer. Based on this feedback, the ML model
is retrained and the next query is generated. Importantly, this phase isoptional { each student
can answer as many of such queries as she wants (including none). However, the more queries
she answers, the better the ML model will typically approximate her true preferences, which will
benet her in the last phase, where MLCM computes the nal allocation based on all trained
ML models.®

To evaluate the welfare achieved by MLCM, we introduce a new course allocation simulation

9Note that in MLCM, the nal allocation is determined based on the trained ML models. This is di erent to our
prior work on ML-based iterative combinatorial auctions where the nal allocation is calculated only based on
reported/elicited bundle-value pairs. The main reason for only using reported/elicited bundle-value pairs in
the combinatorial auction setting is, that, when allocating based on predicted bundle-value pairs (i.e., based
on trained ML models), one would lose individual rationality of the auction mechanism.
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framework. The rst component is a realistic student preference generator, which is designed
such that each student's complete preferences can be encoded as a succinct mixed integer linear
program (MILP). This allows us to compute a benchmark allocation given students' true pref-
erences. The second component models student®porting mistakes when interacting with the

CM language. We calibrate the framework's parameters based on real-world data from the eld
experiment in (Budish and Kessler, 2022).

Regarding the ML algorithm used for MLCM, we show experimentally that the recently
introduced monotone-value neural networks (MVNNSs) (Weissteiner et al., 2022a) exhibit the
best generalization performance in our domain, while also being MILP-formalizable, such that
the corresponding individual student utility maximization problem can be solved fast enough in
practice. Furthermore, we show how the cardinal input from the CM language and the ordinal
feedback from the pairwise comparison queries can be combined when training MVNNSs.

Finally, we empirically compare the performance of MLCM and CM. We nd that MLCM
signi cantly outperforms CM in terms of average student utility as well asminimum student
utility , even with only ten additional pairwise comparison queries. Furthermore, we show that
these results are robust to changes in students' reporting mistakes and across various di erent
settings of our proposed student preference generator.

This paper completes the answer to Research Question 4 by proposing MLCM, a new prac-
tical ML-powered course allocation mechanism. Speci cally, MLCM addresses the main short-
comings of CM's reporting language, revealed in the eld experiment by Budish and Kessler
(2022). We thus conclude that using ML to carefully select good pairwise comparison queries
that better elicit students' preferences by correcting their reporting mistakes can signi cantly
increase students' welfare whilst at the same time not creating too much cognitive burden to
students.

1.5 Conclusion and Future Work

Integrating machine learning methods into market mechanisms such as combinatorial assignment
is an intricate task, but one of critical importance in today's large-scale, complex environments.
In particular, properly eliciting all agents' preferences plays an integral part in the design of well
functioning market mechanisms.

Since agents' preferences are exponentially-sized objects, full elicitation is rarely possible in
real-world settings. Therefore, a key challenge in combinatorial assignment is the design of a
preference elicitation algorithm that is (i) practically feasible with respect to elicitation costs and
(i) smart, i.e., it should elicit the information that is \most useful” for achieving high e ciency.
Integrating ML into the design of a preference elicitation algorithm rst involves learning agents'
preferences via ML algorithms and then use those trained ML algorithms to select the \most
useful" queries to achieve allocations with high e ciency.

In this thesis, | have studied how to leverage a variety of machine learning algorithms to
design such smart and practically feasible ML-powered preference elicitation algorithms in com-
binatorial assignment. Speci cally, | have both proposed some tailor-made ML-based algorithms
speci cally designed for combinatorial assignment (i.e., NOMU in Section 1.4.3 and MVNNSs in
Section 1.4.4) as well as integrated existing ML algorithms into combinatorial assignment mech-
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anisms (e.g., NNs in Section 1.4.1, Fourier transforms for set functions in Section 1.4.2). These
ML models help to guide the elicitation process by eliciting the \most useful" information from
the agents and thereby trying to overcome the curse of dimensionality inherent to combinatorial
assignment.

However, even though learning agents' preferences via ML algorithms can be seen as a
standard supervised learning task, it is particularly challenging in combinatorial assignment,
because the underlying setting is typically extremely scarce, i.e., practical feasibility of the
preference elicitation algorithm implies that only few training data points can be collected.

Moreover, the main computational bottleneck of the considered preference elicitation algo-
rithms lies in the next-query generation method where one has to solve a hard combinatorial
optimization problem using as inputs the trained ML models (i.e., the ML-based winner deter-
mination problem). This implies that highly overparameterized ML models cannot be used in
practice and thus carefully controlling the trade-o between the ML models' expressivity and the
computational feasibility of the resulting ML-based winner determination problem is of utmost
importance.

| have shown that in this speci ¢ scarce setting, it is even more important to use as much
prior knowledge as possible (Weissteiner et al., 2022a) and to reduce the dimensionality of the
learning task (Weissteiner et al., 2022b) to get the best possible generalization performance,
which, when combined with a smart next-query generation procedure, then leads to allocations
with higher e ciency.

Additionally, | have shown that integrating uncertainty over not yet elicited bundles in pref-
erence elicitation (i.e., following more closely the Bayesian optimization paradigm) can prevent
from getting \stuck" in local optima and helps to properly explore bundle space (Weissteiner
et al., 2023).

Furthermore, when designing a practical combinatorial assignment mechanism, it is also
important to consider the communication/interaction paradigm with the central agency, i.e., one
should re ect which query type is the most practical in the considered domain. For example,
in course allocation, to avoid creating too much cognitive burden for students, | have proposed
the use of simpler pairwise comparison queries (Soumalias et al., 2023) instead of value queries.

Overall, all these subtle details in the choice of the ML model used for preference elicitation
and how they interact with each other ultimately play a key role for the success of the resulting
combinatorial assignment mechanism.

Future Work | have evaluated all my proposed ML-based preference elicitation algorithms in
synthetic settings, i.e., in the spectrum auction test suite (SATS) by Weiss et al. (2017) or via
the student preference generator by Soumalias et al. (2023), assuming that all agents report
truthfully. Therefore, | see the following two important directions for future work.

First, future work could analyze the mechanisms when agents do strategically misreport.
Even though we argue that all considered mechanisms provide good incentives in practice, none
of these guarantees hold in a formal, provable way. Therefore, it would be particularly interesting
to nd approximately optimal unilateral misreporting strategies and analyze the characteristics
of them in more detail, e.g., how do these strategies di er from truthful reports, how does the
nal allocation compare to the one obtained when all agents report truthfully, which agents
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are worse/better of. | could envision analyzing this by framing the iterative combinatorial
assignment problem | studied as a reinforcement learning task and then nding approximately
optimal strategies by assuming that all other agents report truthfully. Once this reasonably
succeeds, one can then experimentally analyze which of the proposed ML algorithms provide
the best robustness with respect to strategic behaviour.

Second, another interesting direction for future work is to evaluate the proposed mechanisms
not only in synthetic settings but also when put into practice. Speci cally, it would be of great
interest to de ne suitable laboratory experiments to evaluate the proposed ML-powered mech-
anisms. Given that in practice, agents are often limited by their cognitive abilities (Sche el
et al., 2012) and thus (even unintentionally) make mistakes when interacting with the mecha-
nism, such laboratory experiments would provide valuable insights on the real-world performance
of the proposed ML-powered mechanisms.

Furthermore, in the design of new preference elicitation algorithms in the combinatorial
auction domain, | have focused on integrating/designing new ML components and did not change
the interaction paradigm, i.e., value queries, proposed by prior work. An interesting direction for
future work would be to additionally also consider new or combine existing interaction paradigms
in my proposed mechanisms, e.g., to alternate between value queries and demand queries in the
preference elicitation phase.

Finally, another interesting avenue to be explored in future work is to test the key conceptual
idea of BOCA, i.e, using the upper uncertainty bound based on NOMU and NNs as acquisition
function, not only in the context of combinatorial assignment but also in other combinatorial
Bayesian optimization tasks (e.g., see (Baptista and Poloczek, 2018, Section 4) for other di erent
combinatorial BO tasks). Similarly, one could test the performance of MVNNs in other monotone
regression tasks than the spectrum auction setting.
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