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Agenda for this Lecture

Solving Functional Aggregate Queries (FAQs)

e We start with FAQs over a single semiring, dubbed FAQ-SS
e Uses LFTJ to compute the bags of a hypertree decomposition
e Uses Yannakakis to aggregate away bound variables eagerly
e We then continue with FAQs over multiple semirings

e Can we swap marginalisation order for variables under different semirings?

e How can we deal with product aggregates?



Solving FAQ-SS

o(x) =P - PP QR vs(xs)

Xf41 Xp—1 Xn SEE
with hypergraph # = (V, £) and semiring (D, @, ®,0,1)
e Input: Hypertree decomposition 7 of @, factors (¢s)sece
e Runtime: O(N™(7) 1 OUT) where OUT is the output size of ®

e By choosing an optimal hypertree decomposition for the hypergraph # of ®,
the runtime becomes O(N™(*) 1 OUT)



Main Steps of the FAQ-SS Solver

Input: FAQ-SS ¢ with hypergraph H and a hypertree decomposition 7~ of H

Step 1: Query Rewriting

1.1 Turn ¢ into an equivalent a-acyclic FAQ ®’ by materialising the bags of T
1.2 Choose an order o for variable marginalisation compatible with T

1.3 Rewrite ¢’ into an FAQ ¢” following o by moving sums past products

Step 2: Query Evaluation

e Evaluate ®" by marginalising the bound variables inside out

We next explain the above steps using an example



FAQ-SS Solver Example



Example of Solving FAQ-SS

Sum-product FAQ-SS:

&(x1,x3) = Z Z¢12(X1-,X2) - 13(X1, X3) - Yea(X2, X3) - oa(X2, Xa) - Y3a(Xs, Xa)

X2 Xg

with hypergraph # and hypertree decomposition 7:

H

/\
\/



Example of Solving FAQ-SS

Sum-product FAQ-SS:

&(x1,x3) = Z Z¢12(X1-,X2) - 13(X1, X3) - Yea(X2, X3) - oa(X2, Xa) - Y3a(Xs, Xa)

X2 Xg

with hypergraph # and hypertree decomposition 7:

H T
N <>
N @D

® can be computed in time O(N?):

e Compute the join of the factors in time O(N?) (since p3,({1,2,3,4}) = 2)
e Marginalise out the variables Xz and X4



Example of Solving FAQ-SS

Sum-product FAQ-SS:

&(x1,x3) = Z Z¢12(X1-,X2) - 13(X1, X3) - Yea(X2, X3) - oa(X2, Xa) - Y3a(Xs, Xa)

X2 Xg

with hypergraph # and hypertree decomposition 7:

H T
N <>
N @D

® can be computed in time O(N?):

e Compute the join of the factors in time O(N?) (since p3,({1,2,3,4}) = 2)
e Marginalise out the variables Xz and X4

Next: a strategy to compute @ in time O(Ng)



Step 1.1: Turning ¢ into an a-acyclic FAQ

d(xi1, x3) Zzwm X1, X2) - 13(X1, X3) - Y2a(Xe, X3) - h24(X2, Xa) - Paa (X3, Xa)

Xo X4

SN @Ds
2———3 ‘

\ 4 / @ B 234

Turn @ into an a-acyclic FAQ by materialising the bags of 7:
e Construct a factor 1123(x1, X2, X3) for B;
e Construct a factor 1234(x2, X3, X4) for Bz
e Construct the a-acyclic query that has the join tree above:

' (x1, X3) Zzwms X1, X2, X3) - Y23a(Xe, X3, Xa)

X2 X



Step 1.1: Turning ¢ into an a-acyclic FAQ

d(xi1, x3) Zzwm X1, X2) - 13(X1, X3) - Y2a(Xe, X3) - h24(X2, Xa) - Paa (X3, Xa)

Xo X4

SN @Ds
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Turn ¢ into an a-acyclic FAQ by materialising the bags of 7

e Construct a factor 1123(x1, X2, X3) for B;
e Construct a factor 1234(x2, X3, X4) for Bz

e Construct the a-acyclic query that has the join tree above:

' (x1, X3) Zzwms X1, X2, X3) - Y23a(Xe, X3, Xa)

X2 X

How to construct 1123 and t)e34?



Constructing the Factors for the Bags (1/2)

N EDr e
2——3 ‘
\4/ @ B> 234

d(x1,x3) = 221/112 X1, X2) - 13(X1, X3) - Yea(Xe, X3) - 2a(Xe, Xa) - Y3a(Xs, Xa)

Xo  Xq
First strategy: compute time
o iaa(X1, X2, X3) 1= 12(X1, X2) - a3 (X1, X3) O(N?)

o 1hsa(Xe, X3, Xa) 1= 23(Xe, X3) - h24(X2, Xa) - V3a(X3, Xa) O(Ng)



N EDr e
2——3 ‘
\4/ @ B> 234

d(x1,x3) = 221/112 X1, X2) - 13(X1, X3) - Yea(Xe, X3) - 2a(Xe, Xa) - Y3a(Xs, Xa)

% %
First strategy: compute time
o 123(X1, X2, X3) := P12(X1, X2) - Y13(x4, X3) O(N?)
o o3a(X2, X3, Xa) := Va3(Xe, X3) - Y24 (X2, Xa) - Y34(X3, Xa) O(Ng)

Q: How can we reduce the compute time for 1123?



Constructing the Factors for the Bags (1/2)

N EDr e
2———3 ‘
\4/ @ B> 234

d(x1, %) = Z Z P12(x1, X2) - P13(X1, X3) - Yoz (X2, X3) - oa(Xe, Xa) - 13a(Xs, Xa)

X2 Xq

compute time

First strategy:
o 123(X1, X2, X3) := P12(X1, X2) - Y13(x4, X3) O(N?)
o 234(X2, X3, Xa) 1= V23(Xe, X3) - V2a(X2, Xa) - 134 (X3, Xa) O(Ng)

Q: How can we reduce the compute time for 1123?

A: Include 123 into the computation of 123



N @D
2——3 ‘
\4/ @ B> 234

d(xi1, X3) Zzwm X1, X2) - V13(X1, X3) - 1hea(Xe, X3) - Yoa(X2, Xa) - 134 (Xa, Xa)

X2 X

Second strategy: compute time

o Yi23(X1, X2, X3) 1= 12(X1, X2) - Y13(X41, X3) - 123 (Xe, X3) O(Ng)
o Uo3a(X2, X3, X4) 1= tp23(X2, X3) - Yo4(X2, Xa) - V34X, Xa) O(Ng)



Constructing the Factors for the Bags (2/2)

SN GEDs e
2—3 ‘
\4/ @ B> 234

d(x1,x3) = Z Z¢12(X1-,X2) - 13(X1, X3) - Yea(X2, X3) - oa(Xe, Xa) - Y3a(Xs, Xa)

Second strategy: compute time
o Piaa(xi, X, Xs) 1= P12(x1, X2) - Yra(x1, Xa) - V23X, X3) O(N?)
o oaa(Xa, X3, Xa) 1= U3 (X2, Xs) - Vaa (X2, Xa) - V34 (s, Xa) O(N?)

¢/(X1 0 X3) = ZXQ Z)Q 1/)123(X1 , X2, X3) o 1[)234(X27 X3X4) is NOT equivalent to ®

e The payloads of tuples in 123 are used twice in ¢!



N @D
2——3 ‘
\4/ @ B> 234

(X1, %) = Z Z¢12(X1,X2) “P13(X¥1, xa) - P23(Xe, Xa) - 24 (X2, Xa) - Yaa(Xs, Xa)

Xo X4
Second strategy: compute time
o Yi23(X1, X2, X3) 1= 12(X1, X2) - Y13(X41, X3) - 123 (Xe, X3) O(Ng)
o U234(X2, X3, Xa) 1= 23(Xe, X3) - V2a(X2, Xa) - 134 X3, Xa) O(Ng)

¢/(X1 0 X3) = ZXQ Z)Q 1/)123(X1 , X2, X3) o 1[)234(X27 X3X4) is NOT equivalent to ®
e The payloads of tuples in 123 are used twice in ¢!

Q: How to ensure ¢’ is equivalent to ® while keeping the compute time (’)(Ng )?



Constructing the Factors for the Bags (2/2)

SN Gads
2 3 ‘

\ p / @ B> 234

d(xi1, X3) Zzwm X1, X2) - V13(X1, X3) - 1hea(Xe, X3) - Yoa(X2, Xa) - 134 (Xa, Xa)

Second strategy: compute time

o Yi23(X1, X2, X3) 1= 12(X1, X2) - Y13(X41, X3) - 123 (Xe, X3) O(Ng)
o Uo3a(X2, X3, X4) 1= tp23(X2, X3) - Yo4(X2, Xa) - V34X, Xa) O(Ng)

¢/(X1 0 X3) = ZXQ Z)Q 1/)123(X1 , X2, X3) o 1[)234(X27 X3X4) is NOT equivalent to ®
e The payloads of tuples in 123 are used twice in ¢!
Q: How to ensure @' is equivalent to ® while keeping the compute time (’)(Ng )?

A: Use the indicator projection of w23 in 1234



Indicator Projections

' (x1,X3) = 35,, 2o, Yizs(x1, X2, X3) - Yh2sa(xe, X, Xa), Where

o io3(X1, X2, X3) := 12(X1, X2) - 13(X1, X3) + Y23(X2, X3)

o o3a(X2, X3, Xa) := a3(Xe, X3) - 24 (X2, Xa) - Y34(X5, Xa)

In 1234 we only need to know which tuples exist in 23



Indicator Projections

' (x1,X3) = 35,, 2o, Yizs(x1, X2, X3) - Yh2sa(xe, X, Xa), Where

o io3(X1, X2, X3) := 12(X1, X2) - 13(X1, X3) + Y23(X2, X3)

o U234(X2, X3, Xa) 1= 23(Xe, X3) - Y2a(X2, Xa) - 134 X3, Xa)
In 1234 we only need to know which tuples exist in 123
Indicator projection: New factor 123,234 maps the tuples of 123 to 1:

1, if ’lﬁzg(Xg,Xg) ;é 0

23 234( X2, X3) = .
0, otherwise

Notation 23/234: 123234 Only retains values for the variables in 1234



Indicator Projections

' (x1,X3) = 35,, 2o, Yizs(x1, X2, X3) - Yh2sa(xe, X, Xa), Where

o io3(X1, X2, X3) := 12(X1, X2) - 13(X1, X3) + Y23(X2, X3)

o U234(X2, X3, Xa) 1= 23(Xe, X3) - Y2a(X2, Xa) - 134 X3, Xa)
In 1234 we only need to know which tuples exist in 123
Indicator projection: New factor 123,234 maps the tuples of 123 to 1:

1, if ’lﬁzg(XQ,Xg) ;é 0

23 234( X2, X3) = .
0, otherwise

Notation 23/234: 123234 Only retains values for the variables in 1234

The factor for the second bag over variables 2, 3, 4 is then:

hosa(Xe, X3, Xa) 1= 1a3/234 (X2, X3) - 1h2a(Xe, Xa) - 34(X3, Xa)



Using Indicator Projections

Next strategy uses all indicator projections:
e Same asymptotic complexity as previous strategy: O(N%)

e |t may be more beneficial in practice

Pr23(X1, Xe, X3) = 12(x1, X2) - P13(X1, X3) - 23X, X3) - Vs /123(X2) - Vaa/123(Xs)

indicator projections

osa(Xe, X3, Xa) = h2a(Xe, Xa) - P2a(X3, Xa) - Y12/234(X2) - Y13/234(X3) - V23234 (X2, X3)

indicator projections

¢/(X1 9 X3) = ZXZ Zm 1/)123(X1 , X2, X3) ° 7&234(X27 X3, X4) is equivalent to ¢



Step 1.2: Find Good Marginalisation Order and Rewrite ¢’

&' (x1, X3) Zzl/hzs X1, X2, X3) - Y23a(X2, X3, Xa)

Xo X4



Step 1.2: Find Good Marginalisation Order and Rewrite ¢’

&' (x1, x3) ZZ¢123 X1, X2, X3) - Y23a(X2, X3, Xa)

Xo X4

An approach to compute @’ in time O(N%):

e The summation over X; is only relevant to the second bag factor

e First aggregate away Xi over 134, then join and finally aggregate away X

" (x1,x) = Z <w123(X1,X2,X3) : (Z 1/1234(X27X37X4)>>

X2



Steps 1.3 + 2 Compute ¢” by Marginalising the Bound Variables

" (x1,x3) = Z (z/)123(X1,X2,X3) > (Z1/J234(X27X37X4)>>

X2



Steps 1.3 + 2 Compute ¢” by Marginalising the Bound Variables

" (x1,x3) = Z (z/)123(X1,X2,X3) > (Z1/J234(X27X37X4)>>

X2

= Z (¢123(x1,x2.,x3) : <Z¢234(X2,X37X4)> )

Xo X4

P35(X2,%3)



Steps 1.3 + 2 Compute ¢” by Marginalising the Bound Variables

" (x1,x3) = Z (z/)123(X1,X2,X3) > (Z1/J234(X27X37X4)>>

X2

= Z (¢123(x1,x2.,x3) : <Z¢234(X2,X37X4)> )

Xo X4

P35(X2,%3)

= Z (11)123(X1,X27 X3) - ¢é3(X27X3)) O(Ns/z)

X2



Steps 1.3 + 2 Compute ¢” by Marginalising the Bound Variables

" (x1,x3) = Z (z/)123(X1,X2,X3) > (21/}234(X27X37X4)>)

X2

= Z (¢123(x1,x2.,x3) : <Z¢234(X2,X37X4)> )

Xo X4

P35(X2,%3)

= Z (11)123(X1,X27 X3) - ¢é3(X27X3)) O(Ns/z)

X2

= Z (w123(x1,X2, X3) - wéa(x27x3)>

X2

hg(X1,x3)



Steps 1.3 + 2 Compute ¢” by Marginalising the Bound Variables

" (x1,x3) = Z (z/)123(X1,X2,X3) > (21/}234(X27X37X4)>)

X2

= Z (7p123(x1,x2 X3) (Zi/}zw X2,X37X4)>>

Xo X4

P35(X2,%3)

Z (11)123 X1, X2, X3) wés(XLXS)) O(Ns/z)

Z (ﬂhzs X1, X2, X3) - a3 (Xe, X3)>

]o5(x1,X3)

= Pia(x1, Xs) O(N*/?)



General Case



Query Rewriting: Indicator Projections

Example

Factor ¢g Indicator projection of

1 2 3 ws ’l/)s onto T
1 5 T ={2,3,4} 2 8 | ¥sr

3 3
2 3 3|2 3 3|1
3 1 2|4 1 211



Query Rewriting: Indicator Projections

Example
Factor ¢g Indicator projection of
1 2 3| s Ypgonto T
1 3 3|5 T ={2,3,4} 2 3 | Ygr
2 3 3|2 3 3|1
3 1 2 4 1 2 1

Let s be a factor and T a set with SN T # ()

1, if Ixs_7 s.t. Ys(Xs—7,Xsn7) # 0

s T(XsnT) = .
0, otherwise

is the indicator projection of 1)s onto T



Which Copies of a Factor Become Indicator Projections?

Factor s can be used for computing several bags in the decomposition 7

e Consider each bag B; in 7 with variables T such that SN T #

e If B;is the highest bag of 7 such that S C T, then include the actual factor
s into the computation of the bag factor s,

e Otherwise, include the indicator projection s, g, into the computation of the
bag factor 5

The above strategy is just a convention, any other convention is OK as long as
the factor 15 is only used once for computing the bags in 7



Query Rewriting: Marginalisation Orders Compatible with Decompositions

Consider a hypertree decomposition 7

e Abag Bof 7 owns a variable i if B is the highest bag in 7 containing i



Query Rewriting: Marginalisation Orders Compatible with Decompositions

Consider a hypertree decomposition 7

e Abag Bof 7 owns a variable i if B is the highest bag in 7 containing i

e Let Bi,...,Bybe an ordering of the bags of 7 that is compatible with the
partial order given by 7

e The ordering By, . .., Byn can be obtained by a pre-order traversal of 7



Query Rewriting: Marginalisation Orders Compatible with Decompositions

Consider a hypertree decomposition 7

e Abag Bof 7 owns a variable i if B is the highest bag in 7 containing i

e Let Bi,...,Bybe an ordering of the bags of 7 that is compatible with the
partial order given by 7

e The ordering By, . .., Byn can be obtained by a pre-order traversal of 7

e For i € [m], let o; be the list of bound variables owned by B; in any order



Query Rewriting: Marginalisation Orders Compatible with Decompositions

Consider a hypertree decomposition 7

e Abag Bof 7 owns a variable i if B is the highest bag in 7 containing i

e Let Bi,...,Bybe an ordering of the bags of 7 that is compatible with the
partial order given by 7

e The ordering By, . .., Byn can be obtained by a pre-order traversal of 7

e For i € [m], let o; be the list of bound variables owned by B; in any order

e 0 = 01...0nIis a marginalisation order compatible with 7



Query Rewriting: Eagerly Moving Sums Past Products

Input:
o FAQ-SS ®(xn) = D,,,, - Dy, , Dy, Dsee ¥s(xs)

e Marginalisation order o = (f +1,...,n)



Query Rewriting: Eagerly Moving Sums Past Products

Input:
o FAQ-SS ®(xn) = D,,,, - Dy, , Dy, Dsee ¥s(xs)
e Marginalisation order o = (f +1,...,n)

We rewrite ¢ by repeatedly moving the sums past products

e Move P, : Letd(n) ={S €& [ne S} and U= Ugcy,(S\{n})

o(xn) =P D & ¢s xs) ® P ® ¥s(xs)

Xf41 Xpn—1 SEE\D(n Xn S€d(n
Yy
DD X olxs) 8 vulxo)
Xi 1 Xn—1 SEE\O(n

e We now have a new factor ¥y(xy) and a new hypergraph for ¢

e We next move B, , and so on until P,



Query Evaluation: Computing the FAQ-SS

Consider an FAQ-SS ¢ where sums are moved past products

e Use Leapfrog Triejoin to compute each of the new factors ¥y

We are left with an a-acyclic FAQ ®(x() = Qg ¥s(xs) where all bound
variables are marginalised



Query Evaluation: Computing the FAQ-SS

Consider an FAQ-SS ¢ where sums are moved past products

e Use Leapfrog Triejoin to compute each of the new factors ¥y

We are left with an a-acyclic FAQ ®(x() = Qg ¥s(xs) where all bound
variables are marginalised

e Use Yannakakis’ algorithm to compute the join of all factors s in ®



Further FAQ-SS Solver Example



Example 1: The Grid (1/2)

() = Z P12(X1, X2) - Ya3(Xe, X3) - V34(Xs, Xa) + a5 (Xa, Xs) - Ps6(Xs, Xs)*

X1,X2,X3,X4,X5,Xe

16(X1, Xs) - o5(X2, X5)



Example 1: The Grid (1/2)

o() = Z P12(X1, X2) - Ya3(Xe, X3) - V34(Xs, Xa) + a5 (Xa, Xs) - Ps6(Xs, Xs)*

X1,X2,X3,X4,X5,Xe
16(X1, Xs) - o5(X2, X5)
. factors materialising
Hypergraph Hypertree decomposition 7 for H the bags of T
@ B; Y125
@ By Y345

a—N
A—W

L
|
I



Example 1: The Grid (1/2)

®() = Z hi2(X1, X2) - Y23(Xe, X3) - 134(Xa, Xa) - as(Xa, X5) - 1s6(Xs, Xe)-
X1,X2,X3,X4,X5,X¢
P16(X1, Xs) - 25( X2, Xs)
factors materialising

Hypertree decomposition 7~ for
s . T the bags of 7

e Factor for By: 1125(X1, X2, X5) =

P12(X1, X2) - Yoz /125(X2) - Va5 /125(X6) - Wse/125(X5) - 16 /125(X1) - hes(Xe, Xs)
e Factor for Bo: ¥1s6( X1, X5, Xs) =

¢12/156(X1) : w45/156(X5) - Ps6(X5, X6) - Y16(X1, X6) - ¢25/156(X5)
e Factor for Bs: 1)235(X2, X3, X5) =

12/235(X2) - 23(Xe, X3) - ©34/235(X3) - 145 /235(X5) - W56 235(X5) - o5 /235 (X2, Xs5)
e Factor for Bs: 3as(Xs, Xa, X5) =

1/123/345()(3) - 134(X3, Xa) - as(Xa, Xs) - 7/}56/345()(5) : 7/125/345(X5)

Hypergraph ‘H

a—N
A—W

L
|
-



Example 1: The Grid (2/2)

o'() = Z 125(X1, Xz, X5) - YP1s6(X1, X5, X6) - V235(X2, X3, X5) - as5(X3, X4, Xs5)

X1,X2,X5,Xp,X3,X4

Marginalisation order: (1,2,5,6,3,4)

V125

/N

VY156 o35

V345



Example 1: The Grid (2/2)

o'() = Z 125(X1, Xz, X5) - YP1s6(X1, X5, X6) - V235(X2, X3, X5) - as5(X3, X4, Xs5)

X1,X2,X5,Xp,X3,X4

Marginalisation order: (1,2,5,6,3,4)

V125

/N

VY156 o35

V345

d)/l() :<Z <Z (Zme(XﬁXZ,XS) . (Z?/)156(X1,X5,X6)-

X1 X2

<Z 1/)235(X2, X3, Xs) . Z 1/)345()(37 X4, X5)> > ) >>



FAQs over Multiple Semirings



Differences to FAQ-SS

Consider an FAQ ®(xn) = @Y ™" -+ B ®gce ¥s(xs)

Xf+1

(1) The operators ", ..., @™ can be from different semirings

e Application: e.g. Count SAT for quantified formulas (Exercise Sheet 1)

(2) We can have @* = ® forsome k € {f+1,...,n}

e Application: &) simulates universal quantification (Exercise Sheet 1)



Differences to FAQ-SS

Consider an FAQ ®(xn) = @Y ™" -+ B ®gce ¥s(xs)

Xi+1

(1) The operators ", ..., @™ can be from different semirings

e Application: e.g. Count SAT for quantified formulas (Exercise Sheet 1)

(2) We can have @* = ® forsome k € {f+1,...,n}

e Application: &) simulates universal quantification (Exercise Sheet 1)

Marginalisation orders

e Property (1) restricts the number of possible marginalisation orders

e We cannot use arbitrary hypertree decompositions to derive marginalisation
orders as in case of FAQ-SS



Differences to FAQ-SS

Consider an FAQ ®(xn) = @Y ™" -+ B ®gce ¥s(xs)

Xi+1

(1) The operators ", ..., @™ can be from different semirings

e Application: e.g. Count SAT for quantified formulas (Exercise Sheet 1)

(2) We can have @* = ® forsome k € {f+1,...,n}

e Application: &) simulates universal quantification (Exercise Sheet 1)

Marginalisation orders

e Property (1) restricts the number of possible marginalisation orders

e We cannot use arbitrary hypertree decompositions to derive marginalisation
orders as in case of FAQ-SS

Product aggregates

e Marginalising X with @) = ® can be easier than in case " # ®



Marginalisation Orders



Swapping Aggregate Operators

Consider an FAQ

(f+1)
(1) 69 GB Q) ws(xs)
Xf41 Xn Se&
e A marginalisation order (is, . . ., i») dictates that we first marginalise Xj,, then

Xi,—1, and so on until Xj



Swapping Aggregate Operators

Consider an FAQ

(f+1)
(x1) 69 GB &) s (xs)
Xf41 Xn Se&
e A marginalisation order (is, . . ., i») dictates that we first marginalise Xj,, then
Xi,—1, and so on until Xj

e A marginalisation order (is, . .., in) is valid for ¢ if

(i) (in)

(1) = D D R vs(xs)
Xiy Xi, S€&

is equivalent to ® for all possible definitions of input factors (1s)sce



Swapping Aggregate Operators

Consider an FAQ

(f+1)
(x1) 69 GB &) s (xs)
Xf41 Xn Se&
e A marginalisation order (is, . . ., i») dictates that we first marginalise Xj,, then
Xi,—1, and so on until Xj
e A marginalisation order (is, . .., in) is valid for ¢ if
(i) (in)
(1) = D D R vs(xs)

Xiy Xi, S€&

is equivalent to ® for all possible definitions of input factors (1s)sce

Not all marginalisation orders are valid for an FAQ ‘




Example: Swapping Aggregate Operators not Always Correct

Consider the factor 12 and the two FAQs 4 and ®»

Xi Xo | P2
1 2 2
1 3] 4
2 2 3

() = Z mxg><1/112(x1,X2) () = mxgxzwm(xnxz)



Example: Swapping Aggregate Operators not Always Correct

Consider the factor 12 and the two FAQs 4 and ®»

Xi Xo | P2
1 2 2
1 3] 4
2 2 3

() = Z mxg><1/112(x1,X2) () = mxgxzwm(xnxz)

result of ®4
)1(1 % 0 | 35 maxs 12
2| s A !




Example: Swapping Aggregate Operators not Always Correct

Consider the factor 12 and the two FAQs 4 and ®»

Xi Xo | P2
1 2 2
1 3] 4
2 2 3

() = Z mxg><1/112(x1,X2) () = mxgxzwm(xnxz)

result of ®4
)1(1 % 0 | 35 maxs 12
2| s !
result of ®»
Xo | o, Y12 0

2 5
3| 4 0

maxx, 3, P12
5




Example: Swapping Aggregate Operators not Always Correct

Consider the factor 12 and the two FAQs 4 and ®»

Xi Xo | P2
1 2 2
1 3] 4
2 2 3

() = Z mxg><1/112(x1,X2) () = mX§XZ¢12(X17X2)

result of @4
)1(1 maxi12 P12 0 | =, max, 12
RN N R !
result of ®»
);2 szwm 0 | maxy 3, v
3| 4 0 5

’ $4 and $, are not equivalent ‘




Example: Marginalisation Orders Affect Evaluation Time

e Marginalisation orders affect the evaluation time of FAQs
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e Marginalisation orders affect the evaluation time of FAQs

e Consider the FAQ @ with hypergraph H
¢(X4) = MaXx, sz ZX1 1/)12(X1 > X2) . ¢13(X1 > X3) : 7/)34(X3, X4)
H

AN

e The marginalisation orders o1 = (3,2,1) and 02 = (3, 1, 2) are valid for ¢



Example: Marginalisation Orders Affect Evaluation Time

e Marginalisation orders affect the evaluation time of FAQs

e Consider the FAQ @ with hypergraph H
¢(X4) = MaXx, sz ZX1 1/)12(X1 > X2) . ¢13(X1 > X3) : 7/)34(X3, X4)
H

AN

e The marginalisation orders o1 = (3,2,1) and 02 = (3, 1, 2) are valid for ¢

e We will see that oy and o2 lead to different evaluation times



Example: A Bad Marginalisation Order

H

P

P(Xa) = maxg 35, >, Yi2(X1, x2) - P1a(X1, Xs) - thaa(x3, Xa)

Marginalisation order: o1 = (3,2,1)



Example: A Bad Marginalisation Order

H

P

o(1) = {{1,2} {1,3}} The hyperedges containing 1

U={1,2,3} Set of nodes occurring in the hyperedges containing 1

P(xa) = maxy Dy, D, Y12(X1, Xe) - th1a(X1, Xa) - Yaa(Xs, Xa)



Example: A Bad Marginalisation Order

H

P

o(1) = {{1,2} {1,3}} The hyperedges containing 1

U={1,2,3} Set of nodes occurring in the hyperedges containing 1

B(xa) = maxy, 3, >, Yr2(X1, Xe) - Y1a(X1, Xs) + thaa(Xs, Xa)
= maxy, D _,, as(Xs, Xa) - (Zdﬁz(% X2) - 11113(X17X3)> pn({1,2,3}) =2

Va3

p3({1,2,3}): p* for the subgraph of # induced by the nodes {1, 2,3}



Example: A Bad Marginalisation Order

H

,v‘«x.» 2

(N

(1) = {{1,2}{1,3}}
U={1,2,3}

¢(X4) = MaXy, sz ZX1 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time

= maxy >, aa(Xs, Xa) - P2g(Xe, Xa) O(N?)



Example: A Bad Marginalisation Order

H

,v‘«x.» 2

(N

o(1) ={{1,2} {1,3}} a(2) = {{2,3}}

U={1,2,3} U=1{23}
P(Xa) = maxyg 3, >, Vi2(X1, x2) - P1a(X1, Xs) - thaa (X3, Xa) compute time
= maxy, 3, Yaa(Xs, Xa) - Y3 (Xe, Xa) O(N?)
= maxy, 1as(Xs, Xa) (ngg()@,xs > ru({2,3}) =2

(2]



Example: A Bad Marginalisation Order

H

l\@., T

o(1) ={{1,2} {1,3}} a(2) = {{2,3}}

U={1,2,3} U={2,3}
¢(X4) = MaXy, sz ZX1 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time
= maxy, Y_,, Vaa(Xs, Xa) - Yo3(xe, X3) O(N?)

= MaXy, 1/J34(X37 X4) . 1/1::1()(3) O(Nz)



Example: A Bad Marginalisation Order

H

l\@., T

o(1) ={{1,2} {1,3}} a(2) = {{2,3}} a(3) = {{3},{3,4}}

U={1,2,3} U={2,3} U={3,4}
¢(X4) = MaXy, sz ZX1 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time
= maxy, Y_,, Vaa(Xs, Xa) - Yo3(xe, X3) O(N?)
= MaXx, 1/134(X37 X4) 0 1/J§(X3) O(Nz)
= (maxuias (. %) - 43(30)) Pi((3,4}) = 1

¥4



Example: A Bad Marginalisation Order

H

”\Q., ®

~

au(1) = {{1,2} {1,3}} a(2) = {{2,3}} 0(3) = {{3}. {3.4}}

Uy ={1,2,3} U={2,3} U={3,4}
¢(X4) = MaXy, sz ZX1 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time
= maxy D, aa(Xs, Xa) - P2g(Xe, Xa) O(N?)
= MaXy, 1/J34(X37 X4) . 1/1::1()(3) O(Nz)
= Y4(xa) O(N)

overall O(N?)



Example: A Better Marginalisation Order

H

AN

P(xs) = maxyg 3, D, Yi2(X1, X2) - Y13(X1, Xs) - Y3a(X3, Xa)

Marginalisation order: o1 = (3,1,2)



Example: A Better Marginalisation Order

H

s

0(2) = {{1,2}}
U={1,2}

P(xs) = maxyg 3, D, Yi2(X1, X2) - Y13(X1, Xs) - Y3a(X3, Xa)
= maxy, ZX1 P13(X1, X3) - ¥3a(Xs, Xa) (Z¢12(X17X2 > o ({1,2}) =1

¥



Example: A Better Marginalisation Order

H

Ky T

~

0(2) = {{1,21}
U={1,2}

¢(X4) = MaXy, ZX1 sz 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time

= maxy >, P13(X1, Xa) - Paa(Xs, Xa) - Y1 (x1) O(N)



Example: A Better Marginalisation Order

H

Ky T

~

a(2) = {{1,2}} o(1) ={{1}. {1.3}}

U={1,2} U={1,3}
B(xe) = mase, 3, 3, tre(x, ) - rs(x1, X6) - s (6, Xa) ST
= maxy, 3, P1s(X1, Xs) - Yaa(Xs, Xa) - ¥4 (x1) O(N)
= maxy, Yas(Xs, Xa) (Zq/m(xnxs X (X1)> pu({1,8}) =1

’
¥3



Example: A Better Marginalisation Order

H

:
oy @ T

~

a(2) = {{1,2}} o(1) ={{1}. {1.3}}

u={1,2} u={1,3}
¢(X4) = MaXy, ZX1 sz 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time
= maxy >, P13(X1, Xa) - Paa(Xs, Xa) - Y1 (x1) O(N)

= MaXx, 1/134(X37 X4) 0 1/J§(X3) O(N)



Example: A Better Marginalisation Order

H

:
oy @ T

~

a(2) = {{1,2}} o) ={{11L{1.3}}  a(®) ={{3}.{3,4}}

u={1,2} u={1,3} U={3,4}
¢(X4) = MaXy, ZX1 sz 1/112(X1 s Xz) . 1/113(X1 s X3) . 1/134(X37 X4) compute time
= maxy, 3, P1s(X1, Xs) - Yaa(Xs, Xa) - ¥4 (x1) O(N)
= MaXx, 1/134(X37 X4) 0 1/J§(X3) O(N)
= (maxuias (o0, ) - 43(30)) pH({3,41) =1

¥4



Example: A Better Marginalisation Order

H H3 Hg

:
Koy T3> @ >

~

a(2) = {{1,2}} o) ={{11 {13}y 9(8) = {{3},{3,4}}

U={12} U={1,3} U={3,4}
P(Xs) = maxyg 3, D, Yi2(X1, X2) - Y13(X1, Xs) - Y34(x3, Xa) compute time
maxy, 3, Y1a(X1, Xs) - thaa(Xs, Xa) - ¥4 (1) O(N)
maxy, 14 (Xs, Xa) - 13(xs) O(N)
= 1i(xa) O(N)
overall O(N)



Finding the Best Marginalisation Order

e Different marginalisation orders can lead to different evaluation times

e To find the optimal marginalisation order we need to go over the entire space
of valid marginalisation orders

e In the general case, the existing algorithms are not better than enumerating
over all possible orders

e Focus of this lecture: What is the evaluation time for a given FAQ and
marginalisation order?



Product Aggregates



Example: Moving Product Marginalisation Past Factor Products 1/2

Consider input factors 12, 123, and 3 and FAQ ¢

Xi Xo | Y2 Xo Xz | o3 X3 | ¥s
1 2 2 2 2 4 2 &
1 3 3 3 2 B 5 4

d(x1,x3) = H <1/J12(X1,X2) - 1)23(X2, X3) - ¢3(X3)>

X2



Example: Moving Product Marginalisation Past Factor Products 1/2

Consider input factors 12, 123, and 3 and FAQ ¢

Xi Xo | Y2 Xo Xz | o3 X3 | ¥s
1 2 2 2 2 4 2 &
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - 1)23(X2, X3) - ¢3(X3)>

X2

Assume Dom(Xz) = {2, 3}

o(1,2) = J] (ve(1, ) - a0 2) - 5(2)

X2



Example: Moving Product Marginalisation Past Factor Products 1/2

Consider input factors 12, 123, and 3 and FAQ ¢

Xi Xo | Y2 Xo Xz | o3 X3 | ¥s
1 2 2 2 2 4 2 &
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - 1)23(X2, X3) - ¢3(X3)>

X2

Assume Dom(Xz) = {2, 3}

o(1,2) = J] (ve(1, ) - a0 2) - 5(2)

X2

=(2-4-3)-(3-5-3)



Example: Moving Product Marginalisation Past Factor Products 1/2

Consider input factors 12, 123, and 3 and FAQ ¢

Xi Xo | Y2 Xo Xz | o3 X3 | ¥s
1 2 2 2 2 4 2 &
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - 1)23(X2, X3) - ¢3(X3)>

X2

Assume Dom(Xz) = {2, 3}

o(1,2) = J] (ve(1, ) - a0 2) - 5(2)

=(2-4-3)-(3.5-3)
=(2:8)-(4-5)-(3-3)



Example: Moving Product Marginalisation Past Factor Products 1/2

Consider input factors 12, 123, and 3 and FAQ ¢

Xi Xo | Y2 Xo Xz | o3 X3 | ¥s
1 2 2 2 2 4 2 &
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - 1)23(X2, X3) - ¢3(X3)>

X2

Assume Dom(Xz) = {2, 3}

o(1,2) = J] (ve(1, ) - a0 2) - 5(2)

=(2-4-3)-(3.5-3)
=(2:8)-(4-5)-(3-3)

= [[wee(1,%) - [ [ des(xe, 2) - a(2) >0



Example: Moving Product Marginalisation Past Factor Products 2/2

Consider input factors 12, 123, and 3 and FAQ ¢

X1 Xo | Y12 Xo Xz | o3 X3 | Y3
1 2 2 2 2 4 2 3
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - a3 (X2, X3) - 1/)3(X3)>

X2

Assume now Dom(Xz) = {1,2, 3}
o(1,2) = [ (a1, 2) - ¥m32,2) - 45(2))

X2



Example: Moving Product Marginalisation Past Factor Products 2/2

Consider input factors 12, 123, and 3 and FAQ ¢

X1 Xo | Y12 Xo Xz | o3 X3 | Y3
1 2 2 2 2 4 2 3
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - a3 (X2, X3) - 1/)3(X3)>

X2

Assume now Dom(Xz) = {1,2, 3}
o(1,2) = [ (a1, 2) - ¥m32,2) - 45(2))

X2

=0-(2-4-3)-(3-5-3)



Example: Moving Product Marginalisation Past Factor Products 2/2

Consider input factors 12, 123, and 3 and FAQ ¢

X1 Xo | Y12 Xo Xz | o3 X3 | Y3
1 2 2 2 2 4 2 3
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - a3 (X2, X3) - 1/)3(X3)>

X2

Assume now Dom(Xz) = {1,2, 3}
o(1,2) = [ (a1, 2) - ¥m32,2) - 45(2))

=0-(2-4-3)-(3-5-3)
=0



Example: Moving Product Marginalisation Past Factor Products 2/2

Consider input factors 12, 123, and 3 and FAQ ¢

X1 Xo | Y12 Xo Xz | o3 X3 | Y3
1 2 2 2 2 4 2 3
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - a3 (X2, X3) - 1/)3(X3)>

X2

Assume now Dom(Xz) = {1,2, 3}
o(1,2) = [ (a1, 2) - ¥m32,2) - 45(2))

=0-(2-4-3)-(3-5-3)
=0

= H Pi2(1, x2) - H Voa( X2, 2) - 3(2)IPomCR)!



Example: Moving Product Marginalisation Past Factor Products 2/2

Consider input factors 12, 123, and 3 and FAQ ¢

X1 Xo | Y12 Xo Xz | o3 X3 | Y3
1 2 2 2 2 4 2 3
1 3 3 3 2 B 5 4

d(x1,x3) = H (¢12(X1,X2) - a3 (X2, X3) - 1/)3(X3)>

X2

Assume now Dom(Xz) = {1,2, 3}
o(1,2) = [ (a1, 2) - ¥m32,2) - 45(2))

=0-(2-4-3)-(3-5-3)
=0

= H Pi2(1, x2) - H Voa( X2, 2) - 3(2)IPomCR)!

e We will use this rewriting strategy to deal with product aggregates



Product Aggregates

¢(X4) = MaXy, sz ZX1 ¢12(X1,X2) : ¢13(X1,X3) : ¢34(X3,X4)

N

S

Consider again the marginalisation order (3,2, 1) for ®4

We have seen: The marginalisation of Xi requires O(N?) compute time

Assume now: }, is replaced by [,

Xq

We will see: In this case, Xi can be marginalised in O(N) time (with an
additional logarithmic factor)



Example: Product Aggregates

H

AN

®(xs) = maxyg 3, [, ¥12(x1, %2) - 13(X1, Xs) - Ys4a(Xs, Xa)



Example: Product Aggregates

H

AN

®(xs) = maxyg 3, [, ¥12(x1, %2) - 13(X1, Xs) - Ys4a(Xs, Xa)
[Dom(X1)]
= maxy, sz (¢34(X3,X4)> '<l_[x1 12(x1, X2) - 1s(x, Xs))

v
Va4




Example: Product Aggregates

H

AN

®(xs) = maxyg 3, [, ¥12(x1, %2) - 13(X1, Xs) - Ys4a(Xs, Xa)
[Dom(X1)]
= maxy, sz (¢34(X3,X4)> '<l_[x1 12(x1, X2) - 1s(x, Xs))

= maxs, 32, (s 06,0) ") (TT a1, ) - [T hrax1, 1) )
vl 1 -

/ /
¥y 3



Example: Product Aggregates

H

AN

®(xs) = maxyg 3, [, ¥12(x1, %2) - 13(X1, Xs) - Ys4a(Xs, Xa)
[Dom(X1)]
= maxy, sz (¢34(X3,X4)> '(Hx1 12(x1, X2) - 1s(x, Xs))

!
Va4

= maxs, 32, (s 06,0) ") (TT a1, ) - [T hrax1, 1) )

/
Y34

¥ v

e Compute time for /3 (same for ¢3): O(N) since we need to iterate over a
single factor of size N



Example: Product Aggregates

H

AN

®(xa) = maxy 3_,, [, ¥r2(X1, X2) - Pra(X1, Xs) - aa(Xs, Xa)
[Dom(X1)]
= maxy, sz (¢34(X3,X4)> '(Hx1 12(x1, X2) - 1s(x, Xs))

=maxy, >, (1/134(X37X4)\D0m(X1)\> ‘<H¢12(X1ax2) . H¢‘3(X"X3))
Y34 1 -

¥y (A

e Compute time for /3 (same for ¢3): O(N) since we need to iterate over a
single factor of size N

° <¢34 (X3, Xa)

[Dom(x;)|
> is 134(Xs, X4) to the power of [Dom(X;)]



Example: Product Aggregates

H

AN

®(xs) = maxyg 3, [, ¥12(x1, %2) - 13(X1, Xs) - Ys4a(Xs, Xa)
[Dom(X1)]
= maxy, sz (¢34(X3,X4)> '(Hx1 12(x1, X2) - 1s(x, Xs))

!
Va4

= maxs, 32, (s 06,0) ") (TT a1, ) - [T hrax1, 1) )

/
Y34

¥ v

e Compute time for /3 (same for ¢3): O(N) since we need to iterate over a
single factor of size N

° <¢34 (X3, Xa)

[Dom(x;)|
> is 134(Xs, X4) to the power of [Dom(X;)]

) [Dom(X1)]
o Next we look closer at the computation of (¢34(x3, x4))



Powering Factors

Consider a factor ¥s
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Powering Factors

Consider a factor s
e We need to compute a factor ¥g with 15(Xs) = 1s(xs)” for each xs
e 5 has the same number of tuples as s

e 15 can be computed in O(|i)s| - log, n) time by repeated squaring



Powering Factors

Consider a factor s
e We need to compute a factor ¥g with 15(Xs) = 1s(xs)” for each xs
e 5 has the same number of tuples as s
e 15 can be computed in O(|i)s| - log, n) time by repeated squaring

e If the range of 15 is idempotent, i.e. contains only 0 and 1, then 15 = ¥s

— Compute time is O(1)



Example: Product Aggregates

H

P

D(Xs) = maxy, sz HX1 P12(X1, X2) - Y13(x1, X3) - 3a(X3, Xa)

Marginalisation order: o = (3,2, 1)



Example: Product Aggregates

H

P

o(1) ={{1,2} {1,3}}

D(Xs) = maxy, sz HX1 P12(X1, X2) - Y13(x1, X3) - 3a(X3, Xa)
=maxyg D, (¢34(X3~, X4)) pemtt, (H?/Mz(Xan)) : <H1/J13(X1aX3))

/
Wy,

Vs %3



Example: Product Aggregates

H

Ko

o(1) ={{1,2} {1,3}}

¢(X4) = MaXy, sz HX1 1/)12(X1 5 Xz) . 1/)13(X1 s X3) . ’L/J34(X37 X4) compute time

= maxy 32, Vaa(Xs, Xa) - V2(x2) - ¥3(s) O(N)



Example: Product Aggregates

H

Ko

o(1) = {{1,2} {1,3}} 0(2) = {{2}}

U={2}
¢(X4) = MaXy, sz HX1 1/)12(X1 5 Xz) . 1/)13(X1 s X3) . ’L/J34(X37 X4) compute time
= maxy D, Yaa(Xs, Xa) - P2(x2) - 15(xs) O(N)

= maxs, Y (X5, %) - U4(5) - (Zw %)) Pu({2}) =1

"



Example: Product Aggregates

H

N
s o 0 & B

o(1) = {{1,2} {1,3}} 0(2) = {{2}}

U={2}
¢(X4) = MaXy, sz HX1 1/)12(X1 5 Xz) . 1/)13(X1 s X3) . 1/]34(X3, X4) compute time
= maxy D, Yaa(Xs, Xa) - P2(x2) - 15(xs) O(N)

= maxy, ¥a4(Xa, Xa) - P3(Xs) - ' () O(N)



Example: Product Aggregates

H

N
s o 0 & B

o(1) = {{1,2} {1,3}} 0(2) = {{2}} a(3) = {{3}, {3,4}}

U=1{2} U={3,4}
D(xa) = maxg 3, [, Yi2(X1, x2) - 1a(x1, Xs) - thaa(xs, Xa) compute time
= maxy, 3, Vaa(Xs, Xa) - U3 (x2) - ¥3(X) O(N)
= maxy, Yaq(Xs, Xa) - ¥3(Xs) - ¥’ () O(N)
= 9/() - (maxvia(oo, ) - ¥4(x)) pi({3,4)) = 1

¥



Example: Product Aggregates

H

N
Ays © @ 0@ D o o

au(1) = {{1,2} {1,3}} 9(2) = {{2}} a(3) = {{3}, {3,4}}

U={2} U={3,4}
¢(X4) = MaXy, sz HX1 1/)12(X1 5 Xz) . 1/)13(X1 s X3) . ’L/J34(X37 X4) compute time
= maxy D, Yaa(Xs, Xa) - P2(x2) - 15(xs) O(N)
= MaXy, 1/]§4(X37 X4) : 1/1§(X3) : 1//() O(N)
=1'() - ¥a(xs) O(N)

overall O(N)



InsideOut Algorithm



Main Steps of the InsideOut Algorithm

Input: FAQ ¢ and marginalisation order o for bound variables

Step 1: Marginalisation

e Marginalise the bound variables following o
= results in an FAQ with hypergraph H’

Step 2: Evaluation
e Construct a hypertree decomposition 7 for H’
e Turn ® into an a-acyclic FAQ ¢’ by materialising the bags of 7~

e Run Yannakakis’ algorithm on ¢’

We next explain the above steps using an example



InsideOut Algorithm Example



Example: InsideOut Algorithm 1/3

(X1, X2, x7) = 1, D_,, Maxss Maxy Y15 « s - Y1as - thase - Yo7
(for brevity, input variables of factors are skipped)

Marginalisation order: o = (3, 4,5, 6)



Example: InsideOut Algorithm 1/3

o(6) = {{2,3,6}}
U={23,6}

(X1, X2, x7) = 1, D_,, Maxss Maxy Y15 « s - Y1as - thase - Yo7

= [1,, 2_x, maxxs Y15 - thas - Pr3s - Yo7 - <FT13X’1/125/236 < 134/236 * VY27/236 '7/1236>
6

indicator projections

17
V23

p;{({z, 3, 6}) =1



Example: InsideOut Algorithm 1/3

o(6) = {{2,3,6}}
U={2,3,6}

(X1, X2, x7) = 1, D_,, Maxss Maxy Y15 « s - Y1as - thase - Yo7 compute time

= [1,, 2ox, maxxs Y15 - s - Pr3a - Yo7 - V2s O(N)



Example: InsideOut Algorithm 1/3

a(6) = {{2,3,6}} 9(5) = {{1,5},{2,5}}

U=1{2,3,6} U={1,2,5}
¢(X1 , X2, X7) =5 Hxa ZX4 mMaXy; MaXyg ’L/J15 . 1/125 . 1/1134 . d)ggs . ’L/J27 compute time
= [1,, 2ox, maxxs Y15 - s - Pr3a - Yo7 - a3 O(N)

=11, >x, ¥13s - 127 - Y23 - (”}(?Xl/)134/125 “Pa3125 * Va7 /125 - P15 - 1#25)

’
Y1z

p;{({17275}) =2



Example: InsideOut Algorithm 1/3

a(6) = {{2,3,6}} 9(5) = {{1,5},{2,5}}

U=1{2,3,6} U=1{1,2,5}
¢(X1 , X2, X7) =5 Hxa ZX4 mMaXy; MaXyg ’L/J15 . 1/125 . 1/1134 . d)ggs . ’L/J27 compute time
= [1,, 2ox, maxxs Y15 - s - Pr3a - Yo7 - a3 O(N)

=1L, 2o, ¥13s - tho7 - Yig - Ytz O(N?)



Example: InsideOut Algorithm 1/3

a(6) = {{2,3,6}} 0(5) = {{1.5},{2,5}} 0(4) = {{1.3,4}}

U={2,3,6} U={1,2,5} U={1,3,4}
(X1, X2, x7) = 1, D_,, Maxss Maxy Y15 « s - Y1as - thase - Yo7 compute time
=T, > ox, Maxus 115 - thas - 1h1za - thar - o O(N)
=1L, 2o, ¥13s - tho7 - Yig - Ytz O(N?)
=1, Yo7 Vag - Pl - (Zwés/m “Pio/13a - %34) 03.({1,8,4}) =1
X4

o’
l[)13



Example: InsideOut Algorithm 1/3

a(6) = {{2,3,6}} 9(5) = {{1,5},{2,5}}

U={23,6) U={1,2,5}
(X1, X2, X7) = HXa ZX4 MaXys MaXy, P15 - Y5 - Y134 - Yo36 - Yo7 compute time
= I, 2=, Maxu 15 - o5 - thiza - a7 - Yig O(N)
=11, 2o, ¥13s - tho7 - Yig - Yt O(N?)

= HX3 Y7 - s - Piz - Pis O(N)



Example: InsideOut Algorithm 1/3

a(6) ={{2,3,6}} 0(5) = {{1.5},{2,5}} 0(4) ={{1.3,4}} 0(3)={{1,3},{2,3}}

U=1{23,6} U={1,2,5} U={1,3,4}
(X1, X2, X7) = HXa ZX4 MaXys MaXy, P15 - Y5 - Y134 - Yo36 - Yo7 compute time
= I, 2=, Maxu 15 - o5 - thiza - a7 - Yig O(N)
=11, 2o, ¥13s - tho7 - Yig - Yt O(N?)
= HX3 Yo7 - g - iz - Pia O(N)
_ (4000 (om0 . ([T y)-(TT95)
p3({2,7}) = p3,({2,3}) = p3,({1.3}) = 1 ru({1,2})=2
sizes of 127, 1hs, and 1}5: O(N) size of 1],: O(N?)

compute times for 1,5, 15, and ¢;: O(N) compute time for {5: O(N?)



Example: InsideOut Algorithm 1/3

ae) = {{2,3,6}} 9(5) =
U={2,3,6} U

{1.5}1,{2,5}}  o(4) ={{1.3,4}} 0(3) = {{1,3},{2,3}}

{1,2,5) U={1,3,4}
(X1, %2, x7) = [, 2_,, Maxss Maxy Y15 - Y25 - Y1za - thass - Yo7 compute time
= [, 3ox, Maxxs P15 - s - Y13a - Yo7 - ss O(N)
= [l 225, ¥13e - Y27 - ¥ - i O(N?)
=TI, Y27 - s - Y12 - Pia O(N)

= Yo7 - iz - Y2 - O(N?)



Example: InsideOut Algorithm 1/3

ae) = {{2,3,6}} 9(5) =
U={2,3,6} U

{1.5}1,{2,5}}  o(4) ={{1.3,4}} 0(3) = {{1,3},{2,3}}

{1,2,5} U={1,3,4}
®(x1, %2, x7) = [, D=, Maxus Maxy 15 - Yos - Piaa - hase = Yo compute time
= [, 3ox, Maxxs P15 - s - Y13a - Yo7 - ss O(N)
= [l 225, ¥13e - Y27 - ¥ - i O(N?)
=1, e - ¥ia - Y1z - is O(N)
= o7 - Pia - 3 - P O(N?)

e We are left with an FAQ with hypergraph ' and all variables free



Example: InsideOut Algorithm 2/3

D(x1, X2, X7) = Var(Xe, X7) - Wi (X1, X2) - a(xe) - i (x1)

After having marginalised all bound variables:

e Construct a hypertree decomposition 7 for H’
e Materialise the bags of 7 using Leapfrog Triejoin (as in case of FAQ-SS)

e Compute the result of ¢ using Yannakakis’ algorithm



Example: InsideOut Algorithm 2/3

D(x1, X2, X7) = Var(Xe, X7) - Wi (X1, X2) - a(xe) - i (x1)

After having marginalised all bound variables:

e Construct a hypertree decomposition 7 for H’
e Materialise the bags of 7 using Leapfrog Triejoin (as in case of FAQ-SS)

e Compute the result of ¢ using Yannakakis’ algorithm

Next, we go through the above three steps.



Example: InsideOut Algorithm 3/3

Hypertree decomposition 7 for H’

o

(X1, X2, X7) = Pa7(Xe, X7) - Pia(X1, X2) - a(X2) - U1 (x1)
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Materialisation of the bags of 7
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Example: InsideOut Algorithm 3/3

Hypertree decomposition 7 for H’

@\
B

(X1, X2, X7) = Var(Xe, X7) - ia(x1, X2) - o (X2) - 1 (x1)

Materialisation of the bags of 7

o g, (X1, %) = Yia(x, %2) - Y2 (Xe) - Y1 (%) - V712 (X2)
p3,({1,2}) = 2 = O(N?) compute time

o Pg, (X2, X7) = 37 - ¢4l2/27(x2) : wé/z7(x2)
p3,({2,7}) = 1 = O(N) compute time

' (x1, Xe, X7) = Vg, (X1, %) - Vg, (X, X7)



Example: InsideOut Algorithm 3/3

Hypertree decomposition 7 for H’

@\
B

(X1, X2, X7) = Var(Xe, X7) - ia(x1, X2) - o (X2) - 1 (x1)

Materialisation of the bags of 7

o g, (X1, %) = Yia(x, %2) - Y2 (Xe) - Y1 (%) - V712 (X2)
p3,({1,2}) = 2 = O(N?) compute time

o Pg, (X2, X7) = 37 - 15;3/27()(2) : wé/m(XZ)
p3,({2,7}) = 1 = O(N) compute time

' (x1, Xe, X7) = Vg, (X1, %) - Vg, (X, X7)

e @’ is equivalent to ®
e Compute the result of ® using Yannakakis’ algorithm



InsideOut Algorithm in General
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e Hypergraph H = (V, €)
e Marginalisation order o = (f +1,...,n)
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e Hypergraph H = (V, €)
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for Kk = ndownto f + 1 do
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(Pr—1, Hr—1) = SemiringMarginalisation(®y, H)



InsideOut Algorithm

Input:

e FAQ &(x) = EBiﬁIf EB(XZ) Rsece Vs(xs)
e Hypergraph H = (V, €)

e Marginalisation order o = (f +1,...,n)
b, =
Hn =H

for k = ndownto f + 1 do
DY £ Q
(Pr—1, Hr—1) = SemiringMarginalisation(®y, H)
else

(Pr—1, Hx—1) = ProductMarginalisation(®x, Hx)



InsideOut Algorithm

Input:

e FAQ &(x) = EBiﬁIf EB(XZ) Rsece Vs(xs)
e Hypergraph H = (V, €)

e Marginalisation order o = (f +1,...,n)
b, =
Hn =H

for k = ndownto f + 1 do
DY £ Q
(Pr—1, Hr—1) = SemiringMarginalisation(®y, H)
else

(Pr—1, Hx—1) = ProductMarginalisation(®x, Hx)

Construct for H; a hypertree decomposition 7" with bags (B)icm
Compute the bags (v5,)ic[m of T using Leapfrog Triejoin

Run Yannakakis’ algorithm on &(x1) = &)c(m V& (X5,)
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o FAQ &x(xi7) = B - B Qsce, ¥s(xs)
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Procedure: SemiringMarginalisation

Input:

o FAQ &x(xi7) = B - B Qsce, ¥s(xs)
e Hypergraph Hx = (Vk, Ek)

5;((/() = {S‘ S € & with k € S}
Uk = Useak(k) S



Procedure for Semiring Marginalisation

Procedure: SemiringMarginalisation

Input:

o FAQ &x(xi7) = B - B Qsce, ¥s(xs)

e Hypergraph Hyx = (Vk, &k)
5;((/() = {S‘ S € & with k € S}
Uc = Useak(k) S

Yu ik Xu (k) = Dy, (®Seak(k) ¥s(xs)

® @ sce\ox (k)

SNU#D

marginalisation

bsyu, (Xsnuy)
—_——

indicator projection

)




Procedure for Semiring Marginalisation

Procedure: SemiringMarginalisation

Input:
o FAQ ®k(xp) = @(Hﬂ e @i’;) ®36£k ¥s(Xs)

Xf+1

e Hypergraph Hyx = (Vk, &k)
5;((/() = {S‘ S € & with k € S}
Uc = Useak(k) S

marginalisation

Yu 3 Xy gky) = D, <®Se8k(k) Ps(xs) ® ®S€€K\8K(I(]k) wS/UK(XSmUk))
SNU# N——r
‘ indicator projection

Vit = [k —1]
Ek—1 = (& \ Ok(k)) U (Uk \ {k}) (skip hyperedges 9k (k), add hyperedge Uy \ {k})

Sk_1(xp) = @(M) e @Ef;::) Qsee, , ¥s(Xs) (uses the new factor Yy (x3)

Xf1



Procedure for Semiring Marginalisation

Procedure: SemiringMarginalisation

Input:

o FAQ &x(xi7) = B - B Qsce, ¥s(xs)
e Hypergraph Hx = (Vk, Ek)

5;((/() = {S‘ S € & with k € S}
Uk = Useak(k) S

marginalisation

Yu 3 Xy gky) = D, <®Se8k(k) Ps(xs) ® ®S€€K\8K(I(]k) wS/UK(XSmUk))
SNU# N——r
‘ indicator projection

Vit = [k —1]
Ek—1 = (Ek \ Ok(k)) U (Uk \ {k}) (skip hyperedges O (k), add hyperedge Uy \ {k})
Sr_1(Xp) = @(Xi:) 200 @Ef;::) Rsce,_, ¥s(xs) (uses the new factor vy, (x3)

return (®x—1, Hxk—1 = (Vk—1,Ek—1))



Procedure for Product Marginalisation

Procedure: ProductMarginalisation

Input:

o FAQ O(x(1) = B DY R, ¥s(xs)
e Hypergraph Hi = (Vx, &k)



Procedure for Product Marginalisation

Procedure: ProductMarginalisation

Input:

o FAQ ®«(xp1) = @gi—:) T @E(’,:) ®Se£k ¥s(xs)
e Hypergraph Hi = (Vx, &k)

3k(k) = {S‘ S € E with k € S}



Procedure for Product Marginalisation

Procedure: ProductMarginalisation

Input:

o FAQ ®«(xp1) = @gi—:) T @i’;) ®Se£k ¥s(xs)
e Hypergraph Hi = (Vx, &k)

8k(k) = {S‘ S € E with k € S}

for each S € Ok (k) marginalisation

Vs\ (k) (Xs\{k}) = ®,, Ys(Xs)
for each S € & \ Ok(k)

¥s(xs) = (s(xs)

) [Dom(Xj)|




Procedure for Product Marginalisation

Procedure: ProductMarginalisation
Input:
e FAQ ®k(xpg) = @(f+1) e @i’;) ®S€£k ¥s(Xs)

Xf+1

e Hypergraph Hi = (Vi, &)
8k(k) = {S‘ S € E with k € S}

for each S € Ok (k) marginalisation

Vs\ (k) (Xs\{k}) = ®,, Ys(Xs)
for each S € & \ Ok(k)

¥s(xs) = (s(xs)

) [Dom(Xj)|

Vet = [k —1]
Ek—1={S\ {k} | Seé&}
i1 (xpq) =@ ... D ®see,_, Vs(Xs) (uses the new factors ¥s, (i}, ©s)

Xf+1 Xk—1



Procedure for Product Marginalisation

Procedure: ProductMarginalisation

Input:

o FAQ ®«(xp1) = @gi—:) T @i’;) ®Se£k ¥s(xs)
e Hypergraph Hi = (Vx, &k)

8k(k) = {S‘ S € E with k € S}

for each S € Ok (k) marginalisation

Vs\ (k) (Xs\{k}) = ®,, Ys(Xs)
for each S € & \ Ok(k)

¥s(xs) = (s(xs)

) [Dom(Xj)|

Vet = [k —1]
Ek—1={S\ {k} | Seé&}
Sr_1(xp) = @un... @E’;j) Qsee,_, ¥s(Xs) (uses the new factors ¥sy (4}, ¥s)

Xf+1

return (®x—1, Hxk—1 = (Vi—1, Ek—1))
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Xf41
LetK := {k | k> fand ¥ # R}
Given the marginalisation order o = (f 4+ 1,..., n), InsideOut constructs

e asequence H = Hn, ..., Hs of hypergraphs
e aset Uy foreach k € K
e a hypertree decomposition 7" for H; with bags (B;)ic[m
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Consider an FAQ ¢ (x(q) = U+ .. @ ®SE€ s(xs) with hypergraph H

Xf41
LetK := {k | k> fand ¥ # R}
Given the marginalisation order o = (f 4+ 1,..., n), InsideOut constructs

e asequence H = Hn, ..., Hs of hypergraphs
e aset Uy foreach k € K
e a hypertree decomposition 7" for H; with bags (B;)ic[m

The InsideOut Algorithm runs in time

(’)( Z NP (UK + Z NP (B) + OUT)

kek ie[m]

= | maxsee ¥s|



Runtime of InsideOut

Consider an FAQ ¢ (x(q) = U+ .. @ ®SE€ s(xs) with hypergraph H

Xf41
LetK := {k | k> fand ¥ # R}
Given the marginalisation order o = (f 4+ 1,..., n), InsideOut constructs

e asequence H = Hn, ..., Hs of hypergraphs
e aset Uy foreach k € K
e a hypertree decomposition 7" for H; with bags (B;)ic[m

The InsideOut Algorithm runs in time

O Do N 4 37 N® 1 ouT) = oM7)+ oUT)

kek ie[m]

= | maxsee ¥s|

faqw(o, T) = maxker,icim {07 (Uk), p3,(Bi)} is the FAQ-width of (o, T)
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FAQ width of ®: fagw(®) = min,cymoe), 7eT(o) faqw(o, T)



FAQ-Width of a Query

Consider an FAQ ¢

e Let VMO(®) be the set of valid marginalisation orders for ¢

e For o € VMO(®), let T(o) be the set of hypertree decompositions for the
query obtained from & after marginalising the bound variables following o

FAQ width of ®: fagw(®) = min,cymoe), 7eT(o) faqw(o, T)

For optimal o and 7, InsideOut computes @ in time

O (Nfa“w(“’) + OUT)



