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Step 5: reduction of A

5 _ 5 .5 5 .5,
N7 = (@7, (R]) j¢q) rx 447D

Ags(xs,ds) = 60

11

»20/1

In comparison with the general reduction problem (3.2), the situa-
tion has improved. The conditions for the partitions are weaker,
which of course, increases the possibilities of reduction. Further-
more, the classes of a reducing partition are fully characterized
by local properties, namely the behaviour of the sequences which
enter or leave them.

This fact of course facilitates the search for reducing parti-
tions enormously. (cf. Footnote 16)

In addition, the second aim of the reduction theory, reduced
computation of characteristic activity times and (extension) floats,
can be achieved. This will be shown in the last paragraph.

Comparison with the situation in CPM networks (cf. [8]), how-
ever, makes the reduction possibilities for the restricted reduc-
tion problem seem almost trivial and without great scope for prac-
tical application.

Summing up, it can be said that, compared with CPM networks,
the generalization of the network structure must be paid for with
a considerable limitation of reduction possibilities.

5. REDUCTION THEOREMS FOR CHARACTERISTIC ACTIVITY TIMES AND FLOATS

The solutions of the restricted reduction problem enable two-step
computation of the times ES, LF and ESI, LF'. From them, all char-
acteristic times and floats can be derived using Definition 4 and 5.
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Furthermore, for certain classes of activities we obtain reduc-
tion formulas for floats and characteristic times that are in sim~-
ple form, and which yield new information about the nature of some
floats.

The methods used to prove the statements of this paragraph are
similar to that used in the proof of Theorem 6.

We assume w.l.o.g. that the given reducing partition of N has
only one non-singleton class, and consider the set of paths which
defines the float or characteristic time at question in N and its
image N'. For this reason, the proofs shall be omitted here.

For the rest of this chapter, we make the following assump-
tions: Let N = (4,x,d) be a network with a network structure
R = (A'(Ri)iel) without circuits and a non-negative duration func-
tion (x,d). Let m be a reducing partition of A and, for o € A, let
Aa denote the class of 71 which contains a. Let h denote the cano-
nical mapping assigned to 7 and N' = (#',x',d') the image network.
For each a €A, let P'(a) := {Bea] (B,0) ER_UR_},

PT(a) := {Be€ A| (B,a) € R U Rj} and P(a) := PY(a) UPT(a) denote the
set of the predecessors of o at its initial point, at its terminal
point, and of all its predecessors, respectively. Dually, define
s™(a) := {B€A]| (a,B) €R_UR,D,

sT(a) := {B€Aa| (a,B) ER_UR ]}, S(a) := s™(a) UST(a).

@} is called the set of initial activ.ities of A.

T :=

1

I := {a€A|P(a)
{a€A]| S(a) @} is called the set of Leaminal activities of A,

Similarly,
I := {BeA |P(R)NA
o [+ 3 a

@1 is called the set of initial activi-
Xies of Aa.

@} is called the set of fteaminal activdi-
ties o4 Aa.

T := {BeA |S(B)NA
a o o

19)

THEOREM 7: REDUCTION-FORMULAS FOR ES AND LF:

al (4} ES {a) = ES, (k{a)) ifIA] =1

n

(ié) ESgla) ES;,(h(a)) + EsNIAm i4 PT(a)\Aa = 9

19) The cases (1) - (iv) do not exclude each other. They are chosen in order

to give as simple as possible expressions for ES and LF.
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Es;,(h(a)) + EleA (o) EI 1: «= S(a) = S(h(a)) =@ v [|a ] =14V BES(a): ‘Asl =11
o
max (S, (h(B)) + x' (h(8)) BI 2: o= S(a) # @A S) A, AV BES: PT(B) A =0
(é4d)  ES (a) = max ‘B'“’eReAB¢Aa +d_(B,a) = x{a)]) LI 1: = P(a) =P(h(a)) =@ v [|A,| =1 AV BEP(a): |AB| = 1]
max [ES,, (A(8)) + d (B,a) - x(a)] LI 2: e P(o) # @ APl)SA AV BER(: ST(B)NA = O
(B,a)eER, A B¢A N J
3 o
if PTla)~A +0 (5.1) EXAMPLE: Let N be given by the following diagram
(LV) ESN(OL) = ESN,(h(Ot)) - x{a) + X'(h(u)) 'Lé TOL = {a} 10 T 1 N e
v|2/20| /10
bl (&) LF la) = LF, (h{a)) A AL = a5 o 56—
., T > 8 7/3 ’
(L4) LEgla) = LF , (h{a)) - &@IAa(x’d) + LFNIAa(a) ; - i
if STa)~A. = @ 1/10 6/2 H 8/4 l__.[9/5
[+
LFT, (hla)) - Ay {x,d) + LF i (a) ; =D L
- + f
N o #| a X, N|Aa o 10/2 T2/5 13/2
min 2V LLF L (R(B)) - X' (h(8))

min (a,B)eR_ A Béa,

{£44) LFN(ot) - ds(a,B) + x{a)]
m = {{1},{2},{3},{4,5},{6,7,8,9},{10,11,12,13}} is a reducing par-
min [LFN,(h(B)) - dj(a,B) + x{a)]l tition. o = 1 fulfils the following conditions: ES 1, ES 2, LF 1
(a,B)ERy A BEA, and LI 1, o = 10 fulfils ES 2, LF 2 and EI 2.

if STla)~A, = @

(iv)  LFgla) = LR (hla)) + xla) - x'(hla))  if T = {a} THEOREM 8: SPECIAL REDUCTION FORMULAS
a) El (a) = EI , (hia)) 46 o fulfils EI 1
The following reduction theorems for the other characteristic acti- EI la) = ESé.(h(a)) + EINIA {a) if o fulfils ET 2
vities and floats cover only those activities for which a short LIN(a) . LIN,(h(a)) o 6 o gubgits LT 1
and significant reduction formula can be given. T
LIN(a) = LFN.(h(al) - x'"(h{a)) + LINIA {o) i o fulfils LT 2
First, we introduce the following abbreviations: °
b) TFN(ot) = TF (hia)) i§ o fulfils ES 1
ES 1: e=» P(a) = P(h(a)) =@ v |Aal =1 and LF 1
. T -
ES 2: = Pi(a)~A =0 TF la) = TF_, (hla)) + TEZ, (h(a)) + TEL, (h(a)) + TF (o
N N N N N{a,
LF 1: e+ S(a) =S(h(a)) = @ v |a,| = 1 if o fulfils ES 2 and LF 2
LF 2: « sT(a)~a =9 FF la) = FF_, (hla)) if o fukfils EI 1 and ES 1
FFN(G) = FFNlAa(a) ’ Lf o fulgils EI 2 and ES 2
20) The maximum over the void set is defined to be zero. IFN(a) = IF,, (hla)) if o fulfils LI 1 and EI 1

21) The minimum over the void set is defined to be Agix.d).



- 158 - - 159 -

= T I
IFyla) = IFN|Aa(a) - TRy thla)) = TEG, (hla)) = TEQ, (hia)) activity| x(a) Es LF EI LI TF FF 1F TET TE' 1ET I1ET
L4 o fulfils LI 2 and EI 2 o
. 1 o} o 4 (o}
¢) TEfla) = TEL,(h{a)) if o §ulfils ES I 1 1o 1o 10 o o0 © °
TERlal = TEL | (a) if o fulfils ES 2 2 20 10 3 30 10 o0 o o0 0 o0 0 0
[+3
TEgla) = TEy, (h(a)) i§ o §ulfils LF 1 3 0 40 50 50 40 0 0 0 o0 0 0 ©
. 2 2 5 4 0 o} (o} (o}
TET(a) = TED (ol 4§ o fuLfils LF 2 : > v 2o °© ©
[+3
. R R 5 6 24 34 2 28 4 2 =2 e} o o} o}
TEL(a) = TEL, (Rla)) i§ o fubdits LI 1 3
s 6 2 12 1 14 12 4 o o (o} 8 o} 8
TEX(a) = TEg|a, (o] if o fubfils LI 2 8
o
2 2 23 24 4 -4 o} o] 0 o
1€0(a) = IEZ, (hla)) if o fubfils EI 1 7 3 2 27 °
. . . 8 4 2 34 2 4 2 =2 8 o 8 0
TEgla) = IEL, . (a) if o fulfils EI 2 6 3230
@ 9 5 37 44 44 39 2 2 0 2 O O ©
Although reduction formulas have not been given for all o € A, we 10 2 8 12 10 8 2 o o o o o o
can derive significant properties with regard to the nature of
i1 10 15 27 25 17 2 o =2 o} 0 o} e}
several floats.
12 5 12 28 26 14 M 9 7 o o e} (o]
REMARK 13 2 30 34 32 32 2 o -2 o} o o} e}
a) TF and IF are globaf floats, i.e. to compute them we need in-
formation from the total network.
The image network N' = (%#',x') is given by the following diagram:

b) The FF and all extension floats are Local floats, i.e. to com-
pute them for o we require only information from the smallest

Y. corresponds to the class Aj
class Aj of a reducing partition which contains o such that

ES 2, LF 2, EI 2 and LI 2 hold.

of 1w, where

A1 = {1}, A2 = {2}, A3 = {3},
We conclude this paragraph with an example:

A4 = {415}1 AS = {6,7,8,9},
(5.2) EXAMPLE (CONTINUATION OF (5.1)) A = {10,11,12,13}.

Let N and m be given as in (5.1).

For N, we obtain the following times and floats: Times and floats of N' and the sub-networks NlAj, j = 5,6 are

given by the following tables:
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1. Times/floats of N' Examples of two-step computation:
activity|x(y) ES LF EI LI TF FF IF TE® TET IE' IET (1) For a = 6 ES 2 and LF 2 hold.
Y TF (6) = 4 , h(6) = y4
T I — —
Yy 1o o0 10 10 0 0 O O O 4 O O© TPy (rg) + TEg, (¥g) + TEy, (vg) + TF), (6) = 2+0+2+0 = 4
Y2 20 10 30 3 10 o o o o o o0 o (1) For a = 12 ES 2, LF 2, EI 2 and LI 2 hold. h(12) = v,
0 10 40 50 50 40 0 O O O O O o© FF,(12) = FFN|A6(12) =9, TIFN(12) = Z
IF (12) - [TF_,(y,) + TEL,(y,) + TEX (y.)] = 9- (2+0+0)
Ya 15 15 34 32 15 4 2 2 0 0 ©0 O N|ag N Ve N Ve ne (vl .
Y 28 14 44 44 16 2 2 o0 2 0 4 o0 o
5 (iii) For a« = 8 ES 2 holds, while EI 2 does not. h{(8) = P
YG 24 8 34 32 8 2 (o] (o] (o] (o] (o] (o] TE;(S) _ TEI 5(8)

N|A
FFN(B) =2 % 0 = FF 8) (EI 2 does not hold).

N|A5(
2. Times/floats of NlA5 (i.e. ESN[A5’ LFN[AS, etc.)

Finally, we give two-step computation of ESy (o), LFN(a), aE.Ae,
activity|x(a) ES LF EI LI TF FF IF TE' TE® IE' IET as developed in Theorem 7. -
o
P I T
6 2 0 2 2 fo} fo) o fo) o) 8 0 8 act1v1ty ESN ESN' ESNIAG LFN LFN' )\gl Ag (X,d) LFN|A6
7 3 8 11 11 8 0 O O O 0 O O 10 8 8 0 12 34 24 2
8 4 14 18 18 14 0 (0] 0 8 (o] 8 (o] 11 15 8 7 27 34 24 17
9 5 23 28 28 23 0O O O O O O O 12 12 8 4 28 34 24 18
13 30 8 22 34 34 24 24
3. Times/floats of N|A6 (i.e. ESN|A6' LFN|A6, etc.)
I
activity[x(a) ES LF EI LI TF FF IF TE® TE® IE® IET For all a €A  we have ES (a) = ES_, (y,) + ESN|A6 and
o T T
LF_(a) = LF., (y.) - (x,d) + LF (a) .
N N' 6 N
10 2 O 2 2 0 O 0O O 0 0 0 o |26 |26
" 10 717 17 7 o0 o0 O O O 0 O©° To compute ESE, and LFE, the formulas TEi,(yj) = ESN,(yj) - ESE,(Yj)
12 5 4 18 18 4 9 9 9 0o o0 0O O and TE£| (yj) = LFE. ('yj) - LF, (yj) can be used, cf. definition
13 2 22 24 24 22 0 O O O O O O of TE.
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